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Abstract

In this paper the problem of load planning for trains in intermodal container
terminals is studied. The objective is to assign load units to wagons of a train
such that the utilization of the train is maximized, and setup and transportation
costs in the terminal are minimized. Contrary to previous approaches additionally
weight restrictions for the wagons are integrated into our model. We present three
different integer linear programming formulations and test them on some real-world
instances. It is shown that even non-commercial MIP-solvers can solve our models
to optimality in reasonable time.
Key words: load planning, intermodal transportation, integer linear programming

1 Introduction

Container based transportation is a growing market. The transportation volume of mari-
time container transport as well as the continental intermodal transport has increased a
lot in recent years. Intermodal transport uses different transportation modes like roads,
rails or ships. The goods are transported in load units (containers, swap bodies or trailers)
and change their transportation modes at bi- or trimodal terminals. Most of the research
has been carried out in the field of maritime container terminals (cf. Stahlbock and Voss
[14]), whereas very few research concerns road-rail or hinterland terminals. The huge
transportation amount leads also to an emerging research field of intermodal rail-truck
freight transport within the area of operations research (cf. Bontekoning et al. [2]).

In this paper we consider the load planning problem for intermodal trains with additional
weight restrictions arising in train areas of maritime terminals or in road-rail terminals.
The objective is to assign load units to the wagons of a train and to choose compatible
configurations and load patterns for the wagons. A load pattern defines how many and
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which types of load units can be placed on a wagon and specifies maximum weights for
these load units. The aim of load planning is to maximize the utilization of the train
and to minimize the total costs in the terminal. Contributions to the total costs are
given by transportation costs for the load units (for the transport from their current
storage location to the assigned wagon) and setup costs for changing the configurations
of wagons.

We consider the situation of load planning in European road-rail terminals: Load units
come directly by truck or out of the terminal storage and are lifted by rail mounted gantry
cranes to the wagons. Up to 24 different load unit types are handled in the terminal.
The lengths of the wagons vary between 40 and 104 feet and wagons do not allow double
stacking. We assume that the demand for rail transportation is bigger than the capacity
of the trains, i.e. only a subset of load units can be loaded onto the current train.

Note that our model can also be adopted for situations with double stacking or the load
planning in train terminals of sea terminals. To model double stacking, the definition of
feasible wagon loadings has to be changed; for the planning in sea terminals usually only
three container types have to be regarded.

There are some papers dealing with simplified versions of the load planning problem with-
out weight restrictions. Feo and Gonzáles-Velarde [7] treat a problem where trailers have
to be assigned to wagons. Their models and solutions are based on the assumption that
only two trailers together fit on one wagon, which limits adaptations of their methods
to other situations. Powell and Carvalho [11] aim to optimize a tactical planning prob-
lem: the circulation of intermodal wagons. They determine the compilation of wagons
for trains connecting terminals with different transport destinations which have certain
demands. The types of the wagons satisfying a certain demand and load patterns for the
wagons are determined, an assignment of load units to specific wagons is not calculated.
The selection of load patterns is done heuristically, i.e. such a selection might not be
optimal. The problem is modeled as a logistic queueing network. Corry and Kozan [4]
optimize the load planning with respect to the handling time and the weight distribution
within a train. Only one type of containers and no weight restrictions for the wagons are
modeled, i.e. each container fits to each wagon. The problem is formulated as an inte-
ger linear program and is solved with CPLEX. In a subsequent paper Corry and Kozan
[5] aim at minimizing the train length and the total handling time. Furthermore, more
container types are modeled. Load pattern restrictions are considered for the length of
load units, but neither weight restrictions for the wagons nor for the whole train are inte-
grated. The model is formulated (but not solved) as an integer linear program, real-world
problem instances are tackled with local search.

Two additional papers concerning operative planning in train-train terminals treat prob-
lems that are close to the load planning problem. In Bostel and Dejax [3] the positioning
of containers on incoming and outgoing trains is optimized with the aim of reducing
transport distances of containers that have to be handled by cranes. The authors con-
sider only one container type. Besides proposing different models optimal and heuristic
methods are presented. In Souffriau et al. [13] the operative planning in a train-hub is
optimized with the objective of minimizing the makespan. The destinations for a group of
trains are determined, containers are assigned to wagons and crane operating sequences
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are calculated. The assignment of containers to wagons is modeled with few constrains
as IP and solved with CPLEX. Only three different container types as well as length
restrictions for the wagons are considered.

In this paper we introduce a more general and more realistic model for the load planning
problem where besides length restrictions for the load units additionally weight restric-
tions for the wagons and the whole train are integrated. We suggest two possibilities of
modeling weight restrictions: while one is motivated by load pattern descriptions cur-
rently used by companies in practice, the other models the underlying weight restrictions
in a direct way by formulas.

The remainder of the paper is organized as follows. After introducing the considered
problem in Section 2, three integer linear programming formulations are stated in Section
3. After presenting computational experiments in Section 4 we conclude with some
remarks in Section 5.

2 Problem formulation

In this section we describe the load planning problem for trains in a container terminal
in more detail. Given is an empty train consisting of m (approximately 20 to 30) wagons
j = 1, . . . ,m where each wagon j belongs to a wagon type c(j) ∈ {1, . . . , p}. The train
has a given weight limit G which may not be exceeded by the total weight of the assigned
load units. The wagons can be used in different configurations which determine how
many and which load units can be loaded onto slots of a wagon. For each wagon an
initial configuration is given. If a wagon is changed to another configuration, setup costs
occur.

Furthermore, there are n (approximately 80) load units i = 1, . . . , n with lengths li
and weights gi. Further properties of the load units like widths and heights are not
considered. We assume that all load units are placed in a storage area of the terminal.
For each i ∈ {1, . . . , n} and each j ∈ {1, . . . ,m} we denote by dij the transportation
costs for loading load unit i onto wagon j (mainly influenced by the distance between
the storage place and the wagon).

The load units are divided into three different categories: containers, swap bodies, and
trailers. In the following also swap bodies are treated as containers because they differ
from containers only in the possibility of stacking, which is not relevant here. Containers
are 3-dimensional boxes that have four so-called corner castings which are one part of
the connector between containers and trucks, trains or ships. The other part in rail
transport are flexible pins on the wagons. The distances in between the corner castings
are standardized to 20 feet (5853 ± 3 mm), 30 feet (8918 ± 4 mm) and 40 feet (11985
± 5 mm). Note that the corner castings do not have to be at the corners of a container,
some containers (and many swap bodies) have an overhang above the corner castings.

We use two different ways to categorize containers into types: the lengths of the containers
(length-type) and the corner casting distances (fixation-type). While with each length-
type exactly one specific corner casting distance is associated, containers with the same
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fixation-type may have different lengths. Therefore, for the fixation-types in addition the
overhangs to both sides have to be considered.

The length-type definition is equivalent to the container categorization of the Interna-
tional Union of Railways (UIC) [9], which distinguishes 23 different container types. All
these types are shown in Table 1. Each row corresponds to a length-type, the columns
contain the length-type number, the fixation-type number, the maximum length, the
maximum left overhang, the corner casting distance and the maximum right overhang
(all lengths are measured in mm). While in the first part of the table the symmetric
containers are shown (i.e. left and right overhangs are equal), in the second part the
asymmetric containers are listed. Note that for the symmetric containers the length-type
number is equal to the length of the container in feet, which is not the case for the
asymmetric containers. The maximum length of a container belonging to a certain type
is equal to the sum of the distance in between the corner castings and the maximum
overhangs above these castings to both sides. Trailers are considered as one additional
load unit type (corresponding to one length-type and one fixation-type). Thus, in total
24 length- and four fixation-types exist.

Length- Fixation- Max. length Max. left Corner casting Max. right
type type (mm) overhang distance overhang
20 1 6058 102.5 5853 ± 3 102.5
21 1 6250 198.5 5853 ± 3 198.5
22 1 7150 648.5 5853 ± 3 648.5
23 1 7450 798.5 5853 ± 3 798.5
24 1 7820 983.5 5853 ± 3 983.5
26 1 8150 1148.5 5853 ± 3 1148.5
30 2 9125 103.5 8918 ± 4 103.5
31 2 9300 191.0 8918 ± 4 191.0
40 3 12192 103.5 11985 ± 5 103.5
42 3 12500 257.5 11985 ± 5 257.5
44 3 13100 557.5 11985 ± 5 557.5
45 3 13716 865.5 11985 ± 5 865.5
60 1 8543 1190.0 5853 ± 3 1500.0
81 2 9275 103.5 8918 ± 4 253.5
82 2 9330 103.5 8918 ± 4 308.5
84 2 10040 103.5 8918 ± 4 1018.5
85 2 10200 103.5 8918 ± 4 1178.5
86 2 10900 103.5 8918 ± 4 1878.5
91 3 12500 103.5 11985 ± 5 411.5
94 3 12750 103.5 11985 ± 5 661.5
95 3 13200 257.5 11985 ± 5 957.5
96 3 13600 715.0 11985 ± 5 900.0
97 3 14040 715.0 11985 ± 5 1340.0

Table 1: The 23 different container types of the UIC [9]

The loading of wagons is restricted with respect to the lengths and the weights of the
load units. Figure 1 shows a visualization of feasible wagon loadings used by major rail

4



Figure 1: Examples for load patterns [12]

companies like Schweizer Bundesbahnen (SBB) [12] or Deutsche Bahn (DB) [6]. At the
top the side view of a wagon is shown, where the length of the wagon, the length of the
loading space and the distance in between the bogie attachments are specified. Dashed
circles indicate the places where trailer wheels can be put. On the left side the loading
space ends with a coupling plate used to fix trailers. The possible positions of the pins are
shown in the top view (below the side view) with the symbols “+” and “*”. One symbol
stands for a pin at the front and rear side of the wagon. The boxes K1, K2, K3, K4
and K5 symbolize five different physical configurations for this wagon. A configuration
defines the used pins (for containers) or wheel notches and a coupling plate (for trailers).
The possible pin positions are also shown with vertical lines. If a configuration uses this
pair of pins, an arrow ends at the corresponding configuration. A configuration provides
a maximal number of slots (usually 1 to 4) on the wagon (for example, in Figure 1
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configurations K1 and K2 provide two slots, K3 only one). Each slot is symbolized with
a box. The external areas of such a box contain the information which length-types of
load units can be loaded up. All length-types within the given intervals are feasible (for
example, in K1 length types 20-24 can be loaded onto the left slot, length types 20-26
onto the right slot).

Furthermore, in the slot boxes weight restrictions for the load units are encoded. In
general the rows with weight distributions define maximum allowed payloads for the
slots. For some weight distributions also minimum weights have to be respected (i.e.
when a heavy container is assigned to one slot, for balancing reasons also some weight
must be put on the other slot). Linear interpolation of weight distributions to create new
ones is allowed.

We use different interpretations of the load restrictions, which are all based on the phy-
sical configurations of the wagons defining the use of pins for containers or the fixations
for trailers. Let Kτ be the set of all valid physical configurations for a wagon of type
τ ∈ {1, . . . , p}. The first interpretation is based on so-called “type-weight lines”. For
each configuration k ∈ Kτ a subset of possible type-weight lines Btw

k is given, where
each element defines exactly one length-type and a maximum payload for every slot. For
example, configuration K1 in Figure 1 provides two slots with 5 different length-types
(20-24) for the first slot and 7 length-types (20-26) for the second slot. Furthermore, there
are 14 lines with weight distributions. Thus, in total we have 5 · 7 · 14 = 490 type-weight
lines for K1.

For the second interpretation we use the fixation-type definition of load units. In this
case a configuration already defines a fixation-type for each slot and furthermore the
valid overhangs above the pins and the corner castings. Therefore, only the decision on
the weight distributions for the slots is open. For each configuration k ∈ Kτ a subset
of possible “weight distributions” Bwd

k is given, where each element defines maximum
payloads for all slots. For example, for configuration K1 the 14 weight lines from above
correspond to 14 feasible weight distributions.

In the third approach the configurations only take care of the length restrictions for the
wagons. On the other hand, the weight restrictions are not explicitly given by the lines
with weight distributions, but are taken into account by the underlying rules. Three
weight conditions have to be respected for each wagon:

(W1) The load per bogie is restricted according to the wagon bogies and the track the
train runs on.

(W2) The payload on a bogie may not be larger than three times the payload on the
other bogie (otherwise, the probability for wagons jumping the rails increases).

(W3) The payload for each slot on the wagon is limited due to stability reasons.

In order to check (W1) and (W2) for a specific situation where load units are loaded onto
certain slots of a wagon, the payloads of the different bogies can easily be calculated by
the lever principle. It can be assumed that the tare mass of the wagon distributes equally
to the two bogies.
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Figure 2: Lever principle for weight distributions of wagon bogies

In Figure 2 a wagon with two bogies (A and B) and two load units (i1 and i2) is shown.
The centers of mass of the load units are assumed to be in the middle of the load units
(symbolized by arrows). In the figure three lengths are shown: The distance d in between
the bogie attachments, and the levers e1 and e2 of the two load units in relation to bogie
A. Let g1 and g2 be the weights of the two load units and W be the weight of the empty
wagon. For this situation, the payload a of bogie A can be calculated as

a =
d− e1

d
· g1 +

d− e2

d
· g2 +

W

2
, (1)

symmetrically, for bogie B the resulting payload b is given by

b =
e1

d
· g1 +

e2

d
· g2 +

W

2
. (2)

If more than two load units are loaded onto a wagon, for each additional load unit i an
additive term d−ei

d
· gi for bogie A and ei

d
· gi for bogie B has to be taken into account.

When a and b are the calculated payloads for the bogies A and B of the wagon according
to (1) and (2), and γ denotes the given maximum feasible payload for a bogie, the weight
condition (W1) can be formulated as

a ≤ γ and b ≤ γ. (3)

The weight condition (W2) says that the payload of a bogie may not be larger than three
times the payload of the other bogie. Thus, we must have

1

3
· a ≤ b ≤ 3 · a. (4)

Finally, we summarize all constraints for our problem and specify the objective function.
A feasible solution is defined by the settings of all wagons (configurations or type-weight
lines or weight distributions, depending on the used model) and an assignment of a subset
of load units to the slots on the wagons such that
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• for each wagon exactly one feasible setting is chosen,

• each load unit of the chosen subset is assigned to exactly one feasible slot on one
wagon such that the length and weight restrictions for the slot are respected,

• at most one load unit is assigned to each slot,

• the sum of the weights of all assigned load units does not exceed the weight limit
G for the total weight of the train.

In the objective function we consider three weighted elements:

• the utilization of the train (measured in total number, total length and total weight
of assigned load units),

• the setup costs for changing configurations of wagons, and

• the transportation costs for the transport of load units within the terminal (from
their storage place to the wagons).

While the utilization should be maximized, the two cost terms should be minimized.

Example: We consider a small instance with n = 6 load units belonging to 4 different
length-types (and 3 fixation-types), m = 3 wagons belonging to p = 2 wagon types, and
2 slots for each wagon. We assume that the load units have length-types (1, 1, 2, 3, 3, 4),
fixation-types (1, 1, 1, 2, 2, 3) and weights (10, 24, 26, 36, 38, 35). The first and the second
wagon are of type one, the third is of type two. Table 2 shows information on the
possible load patterns where every row corresponds to a weight distribution b ∈ {1, . . . , 7}.
Each row contains the number b, the corresponding wagon type and the number of the
associated configuration. Furthermore, for the two possible slots on each wagon the sets
of feasible load unit length-types, feasible fixation-types, and the maximum payloads are
given.

b wagon configu- slot 1 slot 2
type ration l.-types f.-types payloads l.-types f.-types payloads

1 1 1 {1,2} {1} 10 {1,2} {1} 24
2 1 1 {1,2} {1} 23 {1,2} {1} 16
3 1 2 {3} {2} 36 {} {} 0
4 1 3 {4} {3} 38 {} {} 0
5 2 4 {1,2} {1} 12 {1,2} {1} 26
6 2 4 {1,2} {1} 18 {1,2} {1} 22
7 2 5 {3} {2} 38 {} {} 0

Table 2: Information on the load patterns

For the type-weight line formulation each weight distribution b corresponds to different
type-weight lines. For example, for the first row in Table 2 four type-weight lines exist
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modeling the different load unit length-type combinations for the two slots. Thus, we
have four length-type combinations (1, 1), (1, 2), (2, 1) and (2, 2).

A feasible solution where the load units 1,2,4, and 5 are loaded, is presented in Table 3.
For the three wagons the chosen weight distributions (and the associated configurations)
as well as the assigned load units are listed. The solution respects all constraints for the
load patterns: For each wagon a feasible weight distribution is chosen, the types of the
assigned load units are compatible with it, and the weights of all load units are not larger
than the allowed payloads for the corresponding slots.

wagon weight configuration load units
distribution slot 1 slot 2

1 (type 1) 1 1 1 (l.-type 1) 2 (l.-type 1)
2 (type 1) 3 2 4 (l.-type 3)
3 (type 2) 7 5 5 (l.-type 3)

Table 3: A feasible solution

Finally, we consider the weight restrictions (W1),(W2),(W3) and show that the load of
the first wagon is feasible with respect to these constraints. For the first configuration of
a wagon of type one we assume d = 11200, e1 = 1500, e2 = 8535, W = 16 (recall Figure
2 for the meaning of these parameters). The allowed payload per bogie is γ = 40 and the
maximum payloads for the two slots are δ1 = 26 and δ2 = 27. For the first wagon of the
solution shown in Table 3 the bogie loads are a = d−e1

d
· g1 + d−e2

d
· g2 + W

2
= 22.37, and

b = e1

d
· g1 + e2

d
· g2 + W

2
= 27.63. The solution is feasible because

(W1) the bogie loads a, b are not greater than γ = 40,

(W2) 1/3 · a = 7.46 ≤ b = 27.63 ≤ 3 · a = 67.11,

(W3) the weights g1 = 10, g2 = 24 of the assigned load units do not exceed the maximum
allowed weights δ1 = 26 and δ2 = 27 for the slots.

3 Integer linear programming formulations

In this section we present three integer linear programming formulations for the load
planning problem with weight restrictions. These formulations use the three different
interpretations of load patterns introduced before.

3.1 First integer linear program

The first integer linear programming formulation is based on the length-type container
categorization (i.e. we have 23 different container types and one type for trailers as
described in Section 2) and type-weight lines. In this model the configurations of the
wagons are determined implicitly because each type-weight line belongs to exactly one
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configuration. The configurations are mainly used to model the setup costs for the
changes of wagons, but do not exactly determine if a load unit fits onto a certain slot.
Therefore, type and weight restrictions have to be taken into account separately by
additional constraints.

At first we introduce some additional parameters:

• Sj denotes the set of all possible slots on wagon j.

• The binary coefficients κ0
jk ∈ {0, 1} for j = 1, . . . ,m; k ∈ Kc(j) indicate whether

wagon j is initially used in configuration k or not.

• The number of different load unit length-types is denoted by q, all load units of the
same type are grouped into sets Nt (t = 1, . . . , q).

• For each wagon j the binary coefficients αtbs encode if length-type t ∈ {1, . . . , q}
fits onto slot s ∈ Sj when the type-weight line b ∈ ⋃

k∈Kc(j)

Btw
k is used for j:

αtbs =

{
1, if in type-weight line b length-type t fits onto slot s
0, otherwise.

• The coefficient γbs ∈ R defines the maximum payload for slot s ∈ Sj of wagon j
used in type-weight line b ∈ ⋃

k∈Kc(j)

Btw
k .

We introduce the following decision variables in order to choose type-weight lines for all
wagons and to assign load units to slots on the wagons:

• yjb ∈ {0, 1} for j = 1, . . . ,m; b ∈ ⋃
k∈Kc(j)

Btw
k with

yjb =

{
1, if type-weight line b is chosen for wagon j
0, otherwise.

• xijs ∈ {0, 1} for i = 1, . . . , n; j = 1, . . . ,m; s ∈ Sj with

xijs =

{
1, if load unit i is assigned to slot s on wagon j
0, otherwise.

With these decision variables the first integer linear programming model reads

max
n∑

i=1

m∑
j=1

∑
s∈Sj

(w1 + w2 · li + w3 · gi) · xijs (5)

− w4 (m−
m∑

j=1

∑
k∈Kc(j)

κ0
jk

∑
b∈Btw

k

yjb) (6)
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− w5

n∑
i=1

m∑
j=1

∑
s∈Sj

dij · xijs (7)

s.t.

m∑
j=1

∑
s∈Sj

xijs ≤ 1 (i = 1, . . . , n) (8)

∑
k∈Kc(j)

∑
b∈Btw

k

yjb = 1 (j = 1, . . . ,m) (9)

∑
i∈Nt

xijs −
∑

k∈Kc(j)

∑
b∈Btw

k

αbts · yjb ≤ 0 (j = 1, . . . ,m; s ∈ Sj; t = 1, . . . , q) (10)

n∑
i=1

gi · xijs −
∑

k∈Kc(j)

∑
b∈Btw

k

γbs · yjb ≤ 0 (j = 1, . . . ,m; s ∈ Sj) (11)

n∑
i=1

m∑
j=1

∑
s∈Sj

gi · xijs ≤ G (12)

xijs ∈ {0, 1} (i = 1, . . . , n; j = 1, . . . ,m; s ∈ Sj) (13)

yjb ∈ {0, 1} (j = 1, . . . ,m; b ∈
⋃

k∈Kc(j)

Btw
k ) (14)

The parameters w1, . . . , w5 ≥ 0 in the objective function are coefficients weighting the
different components. While w1, w2, w3 weight the total number, total length and total
weight of assigned load units in (5), w4 and w5 are factors for the setup and transportation
costs in (6) and (7), respectively. The setup costs for changing a configuration are assumed
to be constant, i.e. in (6) the number of changed configurations is minimized.

Constraints (8) ensure that each load unit is assigned to at most one slot, (9) guarantees
that for each wagon exactly one associated type-weight line is chosen. Constraints (10)
and (11) take into account that the length-type and the weight of a load unit fit to the
assigned slot. Finally, the total weight limit of the train is modeled by (12).

3.2 Second integer linear program

In the following we describe a second integer linear programming formulation for the
load planning problem, which uses the fixation-types categorization of load units and the
weight distributions. This formulation has the advantage that the numbers of variables
and constraints are much smaller. To describe the attributes of a load unit in addition
to the fixation-typ the overhangs to both sides must be known. With this definition of
load unit types a configuration determines a feasible load unit fixation-type for all slots
and maximum allowed overhangs to both sides. Since cranes can easily turn load units,
we do not treat the orientation of load units. Therefore, we consider the smaller and the
bigger overhang instead of the right and the left. Note that overhangs are irrelevant for
trailers.
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To model the restrictions of the configurations and the weight distributions we introduce
the following parameters:

• The number of different load unit fixation-types is denoted by r, all load units of
the same type are grouped into sets Nt (t = 1, . . . , r).

• For a wagon j in configuration k ∈ Kc(j) the binary coefficients λtks encode if
fixation-type t ∈ {1, . . . , r} fits onto slot s ∈ Sj:

λtks =

{
1, if in configuration k fixation-type t fits onto slot s
0, otherwise.

• For each load unit i ∈ {1, . . . , n} the coefficients u+
i , u−i ∈ R denote the bigger and

the smaller overhang.

• For a wagon j in configuration k ∈ Kc(j) the coefficients β+
ks, β

−
ks ∈ R denote the

bigger and smaller maximum allowed overhang of a load unit on slot s ∈ Sj.

• For each wagon j the coefficients γbs ∈ R encode the maximum feasible payload on
slot s ∈ Sj for weight distribution b ∈ ⋃

k∈Kc(j)

Bwd
k .

Using the decision variables xijs ∈ {0, 1} as before and variables

yjb =

{
1, if weight distribution b is chosen for wagon j
0, otherwise

for j = 1, . . . ,m; b ∈ ⋃
k∈Kc(j)

Bwd
k , we get

max
n∑

i=1

m∑
j=1

∑
s∈Sj

(w1 + w2 · li + w3 · gi) · xijs (15)

− w4 (m−
m∑

j=1

∑
k∈Kc(j)

κ0
jk

∑
b∈Bwd

k

yjb) (16)

− w5

n∑
i=1

m∑
j=1

∑
s∈Sj

dij · xijs (17)

s.t.

m∑
j=1

∑
s∈Sj

xijs ≤ 1 (i = 1, . . . , n) (18)

∑
k∈Kc(j)

∑
b∈Bwd

k

yjb = 1 (j = 1, . . . ,m) (19)

∑
i∈Nt

xijs −
∑

k∈Kc(j)

∑
b∈Bwd

k

λtks · yjb ≤ 0 (j = 1, . . . ,m; s ∈ Sj; t = 1, . . . , r) (20)
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n∑
i=1

u+
i · xijs −

∑
k∈Kc(j)

∑
b∈Bwd

k

β+
ks · yjb ≤ 0 (j = 1, . . . ,m; s ∈ Sj) (21)

n∑
i=1

u−i · xijs −
∑

k∈Kc(j)

∑
b∈Bwd

k

β−ks · yjb ≤ 0 (j = 1, . . . ,m; s ∈ Sj) (22)

n∑
i=1

gi · xijs −
∑

k∈Kc(j)

∑
b∈Bwd

k

γbs · yjb ≤ 0 (j = 1, . . . ,m; s ∈ Sj) (23)

n∑
i=1

m∑
j=1

∑
s∈Sj

gi · xijs ≤ G (24)

xijs ∈ {0, 1} (i = 1, . . . , n; j = 1, . . . ,m; s ∈ Sj) (25)

yjb ∈ {0, 1} (j = 1, . . . ,m; b ∈
⋃

k∈Kc(j)

Bwd
k ) (26)

The objective function (15)-(17) remains the same as before. Constraints (18), (19)
and (24) are similar to constraints (8), (9) and (12) of the first integer linear program.
In constraints (23) the weight distributions play the role of the type-weight lines from
constraints (11). The new constraints model the restrictions of the configurations: (20)
ensures that the fixation-types of all assigned load units are feasible, while constraints
(21) and (22) represent the limitations of the overhangs.

The first and the second integer linear program have the same set of feasible solutions and
hence also the same optimal solutions. But, as mentioned before, the numbers of type-
weight lines and weight distributions differ, i.e. the numbers of variables and constraints
in the two IPs are different. For typical load planning instances in practice the number
of type-weight lines is about 10 to 30 times the number of weight distributions.

The smaller number of wagon settings (weight distributions) leads to less decision vari-
ables in the second IP compared to the first IP using the type-weight lines. Furthermore,
the usage of the 4 fixation-types causes less constrains in comparison to the 24 length-
types. Thus, also the number of constraints in the second IP is much smaller.

3.3 Third integer linear program

In the following we describe a third IP formulation which models the weight conditions
by formulas instead of using a fixed finite number of feasible weight distributions for the
wagons as in the previous two models. In this model configurations and fixation-types
are used to represent length restrictions for load units on the wagons.

As described in Section 2, there are three weight restrictions (W1),(W2),(W3) for wagons.
Since for the weight restrictions (W1) and (W2) the bogie payloads have to be calculated,
the exact positions of the slots on each wagon have to be known to estimate the levers of
the slots (and the assigned load units respectively). For the first and the second IP in the
set Sj all possible slots for a wagon j are numbered independently of the configurations
and |Sj| is equal to the maximal number of possible slots among all configurations for
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wagon j (for example, in Figure 1 we have Sj = {1, 2} since at most 2 slots are provided
by a configuration). For a specific configuration only a subset of these slots may be
active (e.g. for the configuration K1 all 2 slots are active, while the configuration K3
only provides 1 slot). Furthermore, the first slot of the wagon may be a slot for a 20,
a 24 or a 45 feet load unit (which is determined by the chosen configuration). Since for
these three possibilities the first slot has different positions and levers, for the third IP
the slots must be treated differently. For this reason, we number the slots consecutively
for each wagon over all feasible configurations. For example, for the wagon in Figure 1
we have 2 + 2 + 1 + 1 + 1 = 7 possible slots.

In the IP-formulation the following parameters are used:

• S ′j denotes the set of all possible slots on wagon j, numbered consecutively over all
possible configurations.

• For a wagon of type τ the coefficient γτ ∈ R denotes the maximum payload for its
bogies, the parameter dτ ∈ R denotes the distance in between the bogie attach-
ments, and tτ ∈ R denotes the tare mass of the wagon.

• For a wagon j of type τ and a slot s ∈ S ′j the coefficient δτs ∈ R denotes the
maximum payload for slot s and the value eτs ∈ R is the lever for a load unit on
slot s relating to the first bogie.

The decision variable yjb is replaced by zjk with k ∈ Kc(j) defining the configuration of
wagon j. Furthermore, we introduce auxiliary variables aj, bj ∈ R measuring the bogie
payloads of wagon j. While aj denotes the payload for the front bogie of wagon j, bj is
the payload of the rear bogie.

Then the linear program reads:

max
n∑

i=1

m∑
j=1

∑
s∈S′

j

(w1 + w2 · li + w3 · gi) · xijs (27)

− w4 (m−
m∑

j=1

∑
k∈Kc(j)

κ0
jkzjk) (28)

− w5

n∑
i=1

m∑
j=1

∑
s∈S′

j

dij · xijs (29)

s.t.

m∑
j=1

∑
s∈S′

j

xijs ≤ 1 (i = 1, . . . , n) (30)

∑
k∈Kc(j)

zjk = 1 (j = 1, . . . ,m) (31)

∑
i∈Nt

xijs −
∑

k∈Kc(j)

λtks · zjk ≤ 0 (j = 1, . . . ,m; s ∈ S ′j; t = 1, . . . , r) (32)
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n∑
i=1

u+
i · xijs −

∑
k∈Kc(j)

β+
ks · zjk ≤ 0 (j = 1, . . . ,m; s ∈ S ′j) (33)

n∑
i=1

u−i · xijs −
∑

k∈Kc(j)

β−ks · zjk ≤ 0 (j = 1, . . . ,m; s ∈ S ′j) (34)

aj −
n∑

i=1

∑
s∈S′

j

gi · dc(j) − ec(j),s

dc(j)

· xijs =
tc(j)
2

(j = 1, . . . ,m) (35)

bj −
n∑

i=1

∑
s∈S′

j

gi · ec(j),s

dc(j)

· xijs =
tc(j)
2

(j = 1, . . . ,m) (36)

aj ≤ γc(j) (j = 1, . . . ,m) (37)

bj ≤ γc(j) (j = 1, . . . ,m) (38)

aj − 3 · bj ≤ 0 (j = 1, . . . ,m) (39)

bj − 3 · aj ≤ 0 (j = 1, . . . ,m) (40)
n∑

i=1

gi · xijs ≤ δc(j),s (j = 1, . . . ,m; s ∈ S ′j) (41)

n∑
i=1

m∑
j=1

∑
s∈S′

j

gi · xijs ≤ G (42)

xijs ∈ {0, 1} (i = 1, . . . , n; j = 1, . . . ,m; s ∈ S ′j) (43)

zjk ∈ {0, 1} (j = 1, . . . ,m; k ∈ Kc(j)) (44)

aj, bj ∈ R (j = 1, . . . ,m) (45)

Constraints (30) and (42) are equivalent to constraints (18) and (24). Furthermore, (31)
ensures that for each wagon exactly one configuration is chosen. Constraints (32), (33)
and (34) model the length restrictions for load units on slots like (20), (21) and (22) in
the second linear program. Due to (35) and (36) the auxiliary variables aj, bj are set to
the correct values. According to formula (3) for the weight restriction (W1) the payload
of all bogies is restricted due to (37) and (38). The conditions from (4) for (W2) are
modeled by (39) and (40). Finally, due to (41) the maximum payload for all slots is
restricted according to (W3).

The third IP differs from the first and second IP with respect to feasibility and (as a
consequence) also the optimal objective value. This is caused by the different modeling
of the weight restrictions for the wagons. For the third IP the weight restrictions are not
discretized in a finite number of options (like the type-weight lines or weight distributions
in the first and second IP). As a result, all weight distributions that respect the weight
conditions (W2) are feasible (especially, also all interpolations between weight distribu-
tions are allowed), i.e. the set of feasible solutions is larger. On the other hand, the first
and second IP cannot ensure that the payload of each bogie is not greater than three
times the payload of the other bogie. Hence, taking into account constraints (W2) leads
to a reduction of the set of feasible solutions for the third IP compared to the solution
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sets of the first and second IP. Thus, the third IP has a different solution space: on the
one hand, more solutions are feasible due to the continuous weight restrictions, on the
other hand, less solutions are feasible due to the weight constraints (W2).

An advantage of the third IP is that parameter changes are easier to adopt. For example,
if the maximum bogie payload is reduced due to the track the train will run on, for
the first and second IP completely new feasible weight distributions for all wagons are
necessary. In contrast, for the third IP simply the parameters γτ have to be adopted.

4 Computational experiments

In this section we describe some computational experiments with respect to the three
integer linear programs. In order to solve the IPs we used three different solvers: the
non-commercial solvers CBC 2.3.1 [10] and SCIP 1.2.0 [1] (with SoPlex 1.4.2 as LP-
Solver) and the commercial product CPLEX 11.0 [8]. All calculations were done on a
PC with operating system Linux, an Intel Core 2 Duo E8400 processor with 3 GHz and
2 GB main storage and a time limit of 20 minutes.

We used the 24 load unit types of the UIC definition, i.e. we have symmetric and
asymmetric containers, swap bodies, and trailers. We modeled ten different wagon types
used by the Swiss company HUPAC [12], the shortest one with a length of 40 feet, the
longest with 104 feet. Five of the wagons are container flatcars that can just be loaded
with containers and swap bodies, the other five are pocket wagons that can also haul
trailers.

To test the three IP models we used 20 load planning examples. These examples are based
on real-world instances obtained from the terminals Hamburg Billwerder and Dörpen in
Germany. Since the positions of the load units in the storage area were not provided,
we added them afterwards. For each instance we generated two variants: One where the
load unit positions in the storage area were chosen close to the actual loading positions
of the units on the wagons and one with random storage positions.

In Table 4 some characteristics of the instances are listed. For each instance the num-
ber n of load units, the number q of load unit length-types, the number r of load unit
fixation-types, the number m of wagons, and the number p of wagon types are shown.
Additionally, we indicate whether all load units together fit onto the train or not (de-
termined by solving the first IP to optimality). Finally, we list the total number of
configurations for all wagons as well as the lengths of the trains. For 6 of the 20 load
planning examples it is possible to load all units onto the train, for the other 14 examples
only a subset of the units can be assigned.

In the following we describe how the parameters encoding feasible wagon loadings were
obtained. For the first integer linear program the parameters αtbs and γbs were extracted
from figures like in Figure 1. The coefficient αtbs corresponds to the set of valid load
units and γbs to the weight lines. For the second IP αtbs is replaced by λtks, β+

ks and β−ks.
While λtks can be determined from the fixation-type of one feasible load unit, for β+

ks

and β−ks the maximum bigger and smaller overhangs of the feasible load units have to be
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Instance n q r m p do all number train
units fit? conf. length

1 49 7 3 33 7 yes 61 625
2 58 7 3 33 7 no 61 625
3 50 5 3 24 3 no 30 416
4 55 5 3 24 3 no 30 416
5 75 5 2 38 3 yes 30 612
6 85 5 2 38 3 no 30 612
7 50 4 3 30 6 no 40 513
8 50 24 4 30 6 no 40 513
9 37 6 3 36 7 yes 48 652
10 74 6 3 36 7 no 48 652

Table 4: Characteristics of the load planning examples

calculated. For the third IP δτs can be obtained like λtks. The levers eτs of the different
slot positions s are calculated using the sets of feasible load units. The load unit with
the maximum length gives a “length” of a slot. For each slot the lever eτs (e.g. e1 or e2

in Figure 2) is the sum of the lengths of the previous slots plus half of the length of the
current slot. The lengths dτ in between the bogie attachments and the tare mass tτ of
the wagon types were provided by train companies [12].

After some computational experiments and discussions with practitioners the weighting
factors w1 = 10, w2 = 0.001, w3 = 1, w4 = 1 and w5 = 0.9 were chosen. For other
settings the computation times did not change significantly.

As mentioned before, the three IP-formulations have different numbers of variables and
constraints. This is caused by the different numbers of wagon settings (according to the
usage of type-weight lines, weight distributions or configurations), the different numbers
of length- and fixation-types, and by the different dimensions of the slot sets Sj and S ′j.
For example, for instance 6 the first IP has 87025 variables, the second 14023, and the
third 45438. Furthermore, we have 806, 694 and 2936 constraints, respectively.

model CPLEX SCIP CBC
objective time objective time error objective time error

first 1837.10 40.7 1827.01 614.5 0.55 1831.76 648.6 0.29
second 1837.10 31.5 1831.84 627.7 0.29 1827.44 855.4 0.53
third 1844.51 0.6 1844.51 13.9 0.00 1843.23 12.1 0.07

Table 5: Computational results

In Table 5 computational results for the three integer linear programming formulations
obtained with the solvers CPLEX, SCIP and CBC are shown. All instances could be
solved to optimality with CPLEX. SCIP and CBC could only solve all instances for
the third IP (CBC sometimes produced different objective values, probably caused by
numerical problems). For each solver we report the mean objective value for the 20
instances, the mean runtime (in seconds) and the mean relative error (in %) in comparison
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to the exact solutions obtained by CPLEX. The maximum runtimes for the first, second
and third IP were 423, 251 and 2 seconds for CPLEX. On the other hand, for the first
and second IP the non-commercial solvers reached the 20 minute time limit for several
instances. For the third IP the maximum runtimes of SCIP and CBC were 30 and 37
seconds, respectively.

Due to the fact that the first IP has more decision variables and constraints than the
second IP, we expected that the second IP could be solved faster. However, in fact the
runtimes were quite similar. The mean runtime with CPLEX for the first and second IP
differed just about a factor of 1.3. With the non-commercial solvers the computational
results are a bit better for the second IP with SCIP but even a bit worse for CBC.

Compared to the runtimes of the first and the second IP those of the third IP are much
smaller. The mean runtime with CPLEX is reduced to 0.6 seconds. Even the non-
commercial solvers SCIP and CBC solved all problems within less than a minute.

The difference of the mean objective values for the first and second compared to the third
IP can be explained by the fact that the solution space of the third IP is different. The
weight restrictions for the first and second IP derived from load patterns like in Figure
1 are usually stricter than the conditions (W1) and (W3) used in the third IP. This is
motivated by the fact that infeasible wagon loadings have to be definitely avoided in
practice. Especially, the maximum possible weight limits (due to weight conditions (W1)
and (W3)) are often not reached for the used weight distributions. Hence, the continuous
weight restrictions in the third IP lead to better objective values.

In order to see whether a larger number of feasible weight distributions leads to better
objective values we tested the first and second IP also with additional interpolated weight
distributions (or type-weight lines). We introduced for each pair of adjacent weight
distributions three equidistant new weight distributions. The resulting IPs do have more
variables and constraints than the ones without interpolated weight distributions. The
mean runtime of CPLEX for these IPs is considerably longer (230 seconds for the first
IP and 108 for the second). Here with more type-weight lines or weight distributions
the different numbers of variables and constraints of the first and second IP have a
considerable impact on the runtimes. With the first IP two instances and for the second
IP one instance could not be solved to optimality within the time limit of 20 minutes.
The objective values were slightly better than the ones without interpolation (1838.12 for
the first IP and 1837.87 for the second IP). Thus, interpolation of weight distributions
gives only a small benefit, but induces much longer runtimes.

Finally, we analyzed the computational results of CPLEX to find out which instances are
easy or hard to solve. For all three IPs the instances with random load unit positions
were more difficult than instances with chosen positions. The runtime of the problems
with random positions were about 10 (first IP), 4 (second IP) and 1.4 (third IP) times
greater. For all IPs the instances where only a subset of load units could be assigned to
the train needed greater runtimes than instances where all load units together fit onto
the train.
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5 Concluding remarks

In this paper we proposed three integer linear programming formulations to solve the
load planning problem for trains in intermodal container terminals where the utilization
of the train is to be maximized, and setup and transportation costs in the terminal should
be minimized. Contrary to previous approaches additionally weight restrictions for the
wagons were integrated.

The computational results show that this enlarged load planning problem can be solved
very fast (even with non-commercial IP-solvers) for real-world instances. The results of
the first and second IP imply that it is possible to use the well-established load patterns
currently used by companies to formulate the weight restrictions. On the other hand,
modeling the weight restrictions directly by the underlying formulas seems to be advan-
tageous. The third IP could be solved in a few seconds. Furthermore, this formulation
is more flexible and no pre-calculation of a set of feasible load patterns is necessary.

To use the presented IPs in practice, depending on the terminal additional constraints
may have to be respected (like dangerous goods, restricted load unit heights or different
wagon destinations within one train).

For further research it would also be interesting to analyze interdependencies to other
operative planning tasks in container terminals like crane or storage planning.
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