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It was recently shown by the authors that deformations of hypergroup convolutions
w.r.t. positive semicharacters can be used to explain probabilistic connections be-
tween the Gelfand pairs (SL(d, C), SU(d)) and Hermitian matrices. We here study
connections between general convolution semigroups on commutative hypergroups
and their deformations. We are able to develop a satisfying theory, if the underly-
ing positive semicharacter has some growth property. We present several examples
which indicate that this growth condition holds in many interesting cases.

1. Introduction

Klyachko © recently derived a connection between SU (d)-biinvariant ran-
dom walks on SL(d,C) and random walks on the additive group Hy o of
all hermitian d x d-matrices with trace 0, whose transition probabilities are
invariant under conjugation by SU(d). He used this connection to transfer
the recent solution of the spectral problem for sums of hermitian matrices

, m) to the possible singular spectrum of products of random matri-
ces from SL(d,C) with given singular spectra. The singular spectrum of
a matrix A € SL(d,C) here means the spectrum of the positive definite
matrix v AA*. Klyachko’s connection between SL(d,C) and Hg o was ex-
Eéained in a different way and extended by the authors in ; it is shown in

that the commutative Banach algebra of all SU(d)-biinvariant bounded
measures on SL(d,C) may be embedded into the Banach algebra of all
bounded measures on the Euclidean space Hg in an isometric, probabil-
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ity preserving way. The proof of this fact, which has some applications in
probability theory (see 18), depends on so-called deformations of hyper-
group convolutions with respect to positive semicharacters as introduced
in U These deformations lead to connections between random walks and
convolution semigroups on different, but closely related hypergroups. This
forms the motivation to investigate systematically when and how convo-
lution semigroups of probability measures on a commutative hypergroup
(X, *) can be transformed canonically into convolution semigroups on a
deformation (X,e) of (X,#). In particular we show that the generators
and Lévy measures of the original and the deformed convolution semigroup
are closely related whenever this transformation is possible. We mention
that the deformation of convolution semigroups is closely related to Doob’s
h-transform, and that Lévy processes associated with a convolution semi-
group and its deformation are related by a Girsanov transformation on the
path space; see 21

The paper is organized as follows: In Section 2 we collect some facts
on deformations and present examples. In particular we indicate how for
a maximal compact subgroup H of a complex, non-compact, connected
semisimple Lie group G, the double coset hypergroup G//H may be re-
garded as deformation of an orbit hypergroup. This includes the examples
above. Section 3 is devoted to deformations of convolution semigroups
w.r.t. positive semicharacters ag. We show that this concept works in a
satisfying way under a canonical growth condition on the convolution semi-
group together with some growth condition concerning ay. Section 4 finally
contains examples where this condition on «y is satisfied. In fact, we have
no example for which this condition would not hold.

2. Deformations of commutative hypergroups

We give a quick introduction. First, let us fix notations. For a locally
compact Hausdorff space X, M*(X) denotes the space of all positive
Radon measures on X, and M(X) the Banach space of all bounded reg-
ular complex Borel measures with the total variation norm. Moreover,
MY(X) C My(X) is the set of all probability measures, M.(X) C M;(X)
the set of all measures with compact support, and §, the point measure
in z € X. The spaces C(X) D Cp(X) D Co(X) D Cc(X) of continuous
functions are given as usual.

Definition 2.1. A hypergroup (X, ) consists of a locally compact Haus-
dorff space X and a weakly continuous, probability preserving convolution
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* on My(X) such that (M(X), *) is a Banach algebra and * preserves com-
pact supports. Moreover, there exists an identity e € X (such that d. is
the identity of (My(X),*)) as well as a continuous involution = +— T on X
that replaces the group inverse. For details we refer to U ang O,

We here only deal with commutative hypergroups (X, x), i.e., * is com-
mutative. In this case there exists an (up to normalization) unique Haar
measure w € M1 (X) which is characterized by w(f) = w(f;) for all
f € Ce(X) and z € X, where we use the notation

fo(y) == flz*xy) = /X fd(dg % dy).
Similar to the dual of a locally compact abelian group, one defines

X(X) ={aeCX): a#0, a(z*xy) = a(z)aly) for all z,y € X},
X*={aex(X): a@@) =ax) for z € X}; X :=X*NCy(X).

Elements of X* and X are called semicharacters and characters respectively.
All spaces are locally compact w.r.t. the compact-uniform topology.

Example 2.1.
(1) Let K be a compact subgroup of a locally compact group G. Then
My(G||K) :=={pu € Mp(G) : §p * pux 6y = p for all z,y € K}

is a Banach-#-subalgebra of M} (G) with the normalized Haar mea-
sure dk € M*(G) of K as identity. The double coset space G//K :=
{KzK : z € G} is locally compact w.r.t. the quotient topology,
and the canonical projection p : G — G//K induces a probabil-
ity preserving, isometric isomorphism p : My(G|K) — My(G//K)
of Banach spaces by taking images of measures. The transport
of the convolution on My(G|K) to My(G//K) via p leads to a
hypergroup structure (G//K,*) with identity K and involution
(KzK)™ := Kz7'K, and p even becomes a Banach-x-algebra iso-
morphism. If G//K is commutative, i.e., (G, K) is a Gelfand pair,
then a K-biinvariant function ¢ € C(G) with ¢(e) = 1 is spherical if
o(x)e(y) = [, f(aky)dk for ,y € G. The functions a € x(G//K)
are in one-to-one correspondence with the spherical functions on G
via a — « o p for the canonical projection p : G — G//K.

(2) Let (V,{.,.)) be a finite-dimensional Euclidean vector space and
K C O(V) a compact subgroup of the orthogonal group of V. For
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u € My(V), denote the image measure of p under k € K by k(u).
Then the space of K-invariant measures

MEW) = {ue My(V): k(u) = p for all k € K}

is a Banach-x-subalgebra of M;(V) (with the group convolution)
with identity do. The space VE := {K.z : = € V} of all K-orbits
in V is again locally compact, and the canonical projection p :
V — VX induces a probability preserving, isometric isomorphism
p: ME(V) — M,(VE) of Banach spaces and an associated orbit
hypergroup structure (V ¥, %) such that p becomes an isomorphism
of Banach-*-algebras. The involution on VX is given by K.z =
—K.x. Moreover, the continuous functions

an(K.z) = /K AR gl (2 € V) (2.1)

are multiplicative on (VE x) for A € V¢, the complexification of V,
and ay = o, if and only if KA = K.u. It is known (see U that
VE ={ayx: NeV}.

By 2“, positive semicharacters lead to deformed convolutions:

Proposition 2.1. Let ag € X* be a positive semicharacter on the commu-
tative hypergroup (X, *), i.e., ag(x) > 0 for x € X. Then

pev=aol(ag'mx(0g'v))  (mred(X)  (22)

extends uniquely to a bilinear, associative, probability preserving, weakly
continuous convolution e on My(X), and (X,e) becomes a commutative
hypergroup with the identity and involution of (X,x). (X,e) will be called
deformation of (X, *) w.r.t. ag.

Eq.@32) shows that u +— «apu is an algebra isomorphism between
(M.(X),*) and (M.(X),e) which for unbounded o cannot be extended
to My(X); cf. Section 3.

Many data of (X, e) can be expressed in terms of o and corresponding
data of (X,*). For instance, if w is a Haar measure of (X, *), then a3w
is a Haar measure of (X,e). Moreover, the mapping My, : a — a/ap is
a homeomorphism between (X, *)* and (X, e)*, and also between x(X, *)
and y(X,e); see ) and 13,

Remark 2.1. Deformation is transitive as follows: Let (K, o) be the defor-
mation of (K, *) w.r.t. ap, and let Gy be a positive semicharacter on (K, e).
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Consider further the deformation (K,¢) of (K,e) w.r.t. 8y9. The function
apfo is a positive semicharacter on (K, ), and (K, ¢) is the deformation of
(K, *) w.r.t. agfBp. For By = 1/ap, one obtains ¢ = .

We next present some examples; for further examples see Section 4.

Example 2.2. Let (V, (., .)) be an n-dimensional Euclidean vector space,
K a compact subgroup of the orthogonal group O(V), and (V¥ ) the
associated orbit hypergroup. Fix p € V with —p € K.p, and consider the
function e,(x) := efP®) on V and

MPEWV) = {e,p: p € M.(V) K-invariant}.

The multiplicativity of e, on V yields that w.r.t. the group convolution on
M.(V), we have e,p * e,v = e,(uu * v). Hence, M (V) is a subalgebra of
My(V'), and its norm-closure

MER(V) = MER (V)

a Banach subalgebra. On the other hand, op(K.x) := / ep(k.x)dk (x € V)
K

is a positive semicharacter on (VE x); see Example EZT(2) above as well
as Proposition 2.8 of ) Proposition 2.8 of 18 also states that for the
deformation (V¥ e) of (VE %) w.r.t. ap, the canonical projection p :
V — VX induces a probability preserving isometric isomorphism of Banach
algebras from le’K(V) onto My(V¥ e). In other words, the deformed
hypergroup algebra may be regarded as Banach algebra of (not longer K-
biinvariant) measures on V.

Example 2.3. It is well-known that the double coset hypergroup
SL(2,C)//SU(2) and the orbit hypergroup (R?)3°®) may be identified
with [0, 00[, and that the associated hypergroup structures on [0, co[ are

1 ]8, r 20

deformations of each other; see ™, o

Here is the higher rank extension of this example:

Example 2.4. Let G be a complex, noncompact, connected semisimple
Lie group with finite center and K a maximal compact subgroup. Consider
the Cartan decomposition g = € + p of the Lie algebra of GG, and choose a
maximal abelian subalgebra a C p. K acts on p via the adjoint representa-
tion as a group of orthogonal transformations w.r.t. the Killing form (., .)
as scalar product. Let W be the Weyl group of K, which acts on a as finite
reflection group; here and further on we identify a with its dual a* via the
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Killing form. Fix some Weyl chamber a, C a and the associated set X7 of
positive roots. Then the closed chamber C' := a is a fundamental domain
for the action of W on a, and C can be identified with the orbit hypergroup
(p%, %), where a K-orbit in p corresponds to its representative in C.

C can also be identified with the commutative double coset hyper-
group G//K where x € C corresponds to the double coset K(e*)K. De-
note the corresponding convolution by e. Using the known formulas for
the spherical functions on G//K and pX (see Helgason 4), we proved in
18 that (G//K,e) = (C,e) is the deformation of the orbit hypergroup
(p¥,%) = (C,*) w.r.t. the positive semicharacter a_;, (in the sense of
Example ZZT(2)) with

Pi= Y pent @€ ay.

As —p € K.p, the construction in Example shows that M,(G||K) may
be embedded into M, (p) in an isometric, probability preserving way. Here
are the most prominent examples (c.f. Appendix C of 9).

(1) The A4—i-case. K = SU(d) is a maximal compact subgroup of
G = SL(d,C). In the Cartan decomposition g = €+ p we obtain p
as the additive group Hg of all Hermitian d x d-matrices with trace
0, on which SU(d) acts by conjugation. Moreover, a consists of all
real diagonal matrices with trace 0 and will be identified with

{z=(21,...,2q) e R®: Z:ci:()}

on which the Weyl group acts as the symmetric group Sz. We thus
take

C::{:v:(:vl,...,xd)ERd: xlzxgz...zgvd,zgcizﬂ.

Then in particular, p=(d—1,d —3,...,—d+3,—-d + 1).

(2) The Bg-case. For d > 2 consider G = SO(2d+ 1, C) with maximal
compact subgroup K = SO(2d + 1). Here a may be identified with
R?, and we may choose

C':{:EERd: X1 > a9 > >xq >0}
with the Weyl group W ~ S; x Z4, and p = (2d — 1,2d — 3,...,1).
(3) The Cy-case. For d > 3 let G = Sp(d,C) with the maximal com-
pact subgroup K = Sp(2d + 1). Here, a = R? with C and W

as in the Bg-case. We have p = (2d,2d — 1,...,2). The preced-
ing results on hypergroup deformations imply that the hypergroups
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Sp(d,C)//Sp(2d + 1) and SO(2d + 1,C)//SO(2d + 1) are (up to
isomorphism) deformations of each other; see also ]
(4) The Dgy-case. For d > 4 let G = SO(2d, C) with maximal compact
subgroup K = SO(2d). In this case a = R? and we may take
C={reR: zy>x0> >24-1 > |24}

with p = (2d — 2,2d — 4,...,2,0).

3. Deformation of convolution semigroups

We now always assume that aq is a positive semicharacter on a o-compact,
second countable commutative hypergroup (X,*) and that (X,e) is the
associated deformation. We show how under a natural growth condition,
convolution semigroups on (X, *) can be deformed into convolution semi-
groups on (X, e). To describe this condition, we introduce the spaces

MEF(X) = {pe M""(X): app € M"T(X)},
1 ._ 1 b,
MQO(X) = M (X) ﬂMao"’(X)
as well as the transformation

1
Roy : MUF(X) — MY(X),

- - —
! Jx a0 dp

Lemma 3.1. Let p,v € M"(X). Then pv € MYT(X) if and only if
W, v € Mg’(f(X). Moreover, if one of these conditions holds then

Rao(:u * V) = Rao(:u) ® Rao(y)'

Q.

Proof. If u, v have compact support, then the lemma is clear by Eq. ([22).

In the general case, choose compacta (K,),>1 in X with X = (J, K,
and K41 D K, for n € N. Put u,, := p|g, and vy, := v|k, . Asthe p, *xv,
have compact support, we have

/Xaod(un*l/n)z/X/Xao(x*y)dun(x)dl/n(y):/Xaodun-/xaodun.

Monotone convergence implies that

/ozod,u*uz/ozodu~/aod,u
X X

where one term is finite if and only if so is the other one. This proves the
first part of the lemma. Moreover, if these terms are finite, then the same
monotone convergence argument shows that for all f € Cp(X) with f > 0,

/ f d(Re (115 1)) = / f d(Roy (1) ® Ry (v)).
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This implies Rq, (pt * V) = Ray (1) ® Roy (V). |

Remark 3.1. Notice that the mapping Ra, : M} (X) — M'(X) is not
(weakly or vaguely) continuous whenever «g is unbounded. In fact, choose
(@n)n>1 € X with ag(z,) — oo and ag(z,) > 1. Then the measures

= (1 — ag(z) ™16 + ag(xn) 16, tend to J. while

Ray (pn) = m((l — ag(zn) " )de + 6z,,)

does not tend to d, = Rq,(de).
We now investigate convolution semigroups.

Definition 3.1. A family (ut)i>0 C M'(X) is called a convolution semi-
group on (X, x), if pg = de, if syt = ps x e for s,t > 0, and if the
mapping [0, co[— MY(X), t — p; is weakly continuous. It is well-known
(see Rentzsch 1) that each convolution semigroup (11)¢>0 admits a Lévy
measure 1 € M+ (X \ {e}) which is characterized by

1
/fdn = }ir%g /fd,ut for feC(X) with e suppf.

(1e)e>0 is called Gaussian, if n = 0 which is equivalent to saying that for
all neighborhoods U of e € X, limy_q (X \ U) = 0.

We next study under which conditions convolution semigroups on (X, *)
can be deformed w.r.t. ag. We here need the following condition on .

Definition 3.2. A positive semicharacter ag on (X, ) is called exponential
if there exists a neighborhood U of e € X and a constant C' > 0 such that
for all z,y € X withy € x * U, a(y)/ao(z) < C.

We conjecture that positive semicharacters are always exponential. Un-
fortunately we are not able to prove this. However, we present at least
some criteria and examples in Section 4 below. The following theorem is

motivated by 5, ]97 where a variant for the group case is studied.

Theorem 3.1. Let o be an exponential positive semicharacter on (X, *)
with ag > 1. Then the following statements are equivalent for a convolution
semigroup (pe)e>o0 on (X, *) with Lévy measure 1.

(1) e € My (X) holds for some t > 0.

(2) e € M} (X) holds for all t > 0, the mapping ¢ : [0, 00[—]0, 0]
given by ¢(t) = [ao du, is continuous and multiplicative, and
(Rap (142))t>0 is a convolution semigroup on (X, e).
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(8) For any neighborhood U of e € X, fX\U ap dn < o0.

If one and hence all of these statements hold, then agn is the Lévy measure
of the convolution semigroup (Ro,(fit))t>0 on (X, e).

In particular, Gaussian semigroups on (X, *) always lead to Gaussian
semigroups on (X, e).

Proof. (1) = (2): Lemma Bl implies that ¢ > 1 is well-defined and
multiplicative. To check continuity, we observe that the multiplicativity
implies that for N € N and 0 < s < 1/N, ¢(s)Vp(1 — sN) = (1) and
hence p(s) < p(1)/N — 1 for N — oo. Therefore, ¢ is continuous at ¢ = 0
and hence, as a multiplicative function, on [0, c0[. Using Lemma Bl and
the fact that the mapping [0, 00[— MY (X), t — Ra,(u:) = @(t) taou is
vaguely and hence weakly continuous, we conclude that (Ra,(t))i>0 is a
convolution semigroup on (X, e).

(2) = (3): The measure p := Liy,>01m € M>T(X) is the Lévy mea-
sure of the Poisson semigroup (v; := e I?It . exp(tp))i>0, exp denoting
the exponential function on the Banach algebra (M (X), ). Moreover, it is
easy to see that n—p is the Lévy measure of a further convolution semigroup
(04)i>0 with uy = vy * 0y for t > 0. Lemma Bl shows that v, € Molm (X) for
t > 0. As obviously p < (el?lI*/t)y, for t > 0, we obtain p € M%*(X) and
thus (3). Furthermore, for f € C.(X) with e & supp f,

1 .1
tig 3 [ f R (u) =l 3 [ foo due = [ faodn
Hence, agn is the Lévy measure of the semigroup (Ra, (tit))i>0 on (X, )0

The proof of (3) = (1) is more involved. Recapitulate that for a
convolution semigroup (p;)¢>0 on (X, *), the translation operators T (f) :=
wy * f (t > 0) form a strongly continuous, positive contraction semigroup
on L'(X,w), w being the Haar measure of (X, *); see [BH]. Let A be its
infinitesimal generator with the dense domain D4 C L'(X,w). We have:

Lemma 3.2. Let ap be a positive semicharacter and (pt)e>0 a convolution
semigroup on (X,*) whose Lévy measure n satisfies f{aoz2} ag dn < oo.
Then for each neighborhood U of e € X there exists f € Co(X) N D4 with
>0, f=f*#0,supp f CU, and [ |Af|ag dw < co.

Proof. Let U be a compact neighborhood of e € X with U~ = U. Then by
12 there exists f € Da with [ fdw=1, f >0, f = f*, and supp f C U.
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Let ¢ ¢ UxU and y € U. Then f(xx*xy) = 0, which means that the translate
fz given by f.(y) := f(xz xy) satisfies f, =0 on U, and hence

Af@) = i 3+ 1206 = 1u(e)) = [ (o <) dn(y)

Consequently, by Fubini’s theorem,

Af| - ap dw = Af| - ap dw Af| - ap dw
/X| 7l - a0 d /U*U| fl-aod +/X\U*U| 71 ao d

< /U IAf]-agde + /X /X T D0 () dote) dns).
Now

/ F( % y)ao() du(z) = / F(@) (Lo (@ * 7)du(z)
X\UxU X
< 1au(@)- /X £ (@)ao ()0 (@) dw (z)
=1x\w(y)ao(y) - /faodw.

As [1x\pag dn < oo by assumption, [ |Af|agdw < co as claimed. O

(3) = (1) in the theorem now follows from Lemma B2 and the follow-
ing result.

Lemma 3.3. Let ag be an exponential positive semicharacter with ag > 1,
and (fg)i>0 a convolution semigroup on (X, *) with generator A. Assume
that for each neighborhood U of e € X there exists f € Co(X) N Da with
>0, f=f"#0, supp f CU and [|Af|ag dw < co. Then for all t > 0,
J o dpy < 0.

Proof. Let U be a neighborhood of e € X and C; > 0 a constant with
Ciag(z) < ap(z) forz € X and z € Uxx. Let f € Co(X)ND4 with f >0,
f=f"#0,supp f CU and [|Af|agdw < oco. Then for all m € N, the
functions ay, := ag Am € Cp(X) also satisfy Cran, (z) < am(z) for z € X,
z € U x x. Hence, there is a constant Cy > 0 depending on f such that for
allme Nand z € X,

an(@) < Ca+ [ an(o ) f0) dolw) = o+ f(o). (31)
Moreover, as ag > 1, we have for all m € N and z,y € X,

am(zxy) <mAag(zxy) =mA (ao(z)ao(y)) < am(@)om(y).  (3:2)
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Define hy,(t) := [(p * f) - m dw = [y * fdpy. As f € Dy and Af €
L'(X,w) holds, we obtain %Mt x f = us * Af and hence

i) = [ AP - do = [ [ ane s A7) (o) doty).
Therefore, by [B2) and I,
1< [ [ ante )l A7 @)l dunt) dow) < [ andus- [ anias)ds

SCg/ozm*fdut~/o¢m|Af|dw < 02/a0|Af|dw-hm(t).

This yields Ay, (t) < hy,(0) et for ¢t > 0 and some constant C' > 0 indepen-
dent of m. Hence, again by B1),

/am dpg < CQ/Oém x fdp = Cohpy(t) < chtC/aof dw
for all m € N. This yields the claim [ ag dpy < oo for t > 0. |

Notice that the growth condition on «y was needed above only for the
preceding lemma. Theorem Bl therefore admits the following variant.

Theorem 3.2. Let o be a positive semicharacter and (j1t)i>0 C M*(X) a
Poisson semigroup on (X, ), which means that yu; = e~ t1Pllexp(tp) for all
t >0 and some p € M>*(X). Then p is the Lévy measure of (ji)i>0, and
the statements (1)-(3) of Theorem [Z1l are equivalent.

Proof. It suffices to check (3) = (1). However, if R := [ag dp < oo,
then for all n > 0, [ g dp™ = R™ and hence [ ag du; < oo for all t > 0.0

Remark 3.2. Let ay be an exponential positive semicharacter and
(1¢)e>0 C M2 (X) a convolution semigroup on (X, x). Then the convolu-
tion operators (13)¢>0 on Co(X) with T3 f := p; * f form a Feller semigroup.
Its generator A with
N
Af(z) =lim —(p; = f(z) — f(z)) (ze€X, feDA)

t—0 t

admits a ||.||sc-dense domain D(A) in Co(X); see 3. Now consider the
generator A% of the Feller semigroup on Cy(X) which is associated with
the renormalized convolution semigroup (Rq, (ti))i>0 on (X, ). Using the
notation above, we have

- = L (o T e x) = # * Q x
((Raoﬂt) .f)($) - (p(t) (( 0/1’15) f)( ) <p(t)a0(:17) (/J’t Of)( )
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Theorem BI2) shows that ¢(t) = e for some ¢ € R, and

lim 2 (1/(1) 1) = —c.

Therefore
A =M /q,0 Ao My, —c (3.3)

at least on D(A“)NC,(X), where M, denotes the multiplication operator
with g € C(K). The same holds for other function spaces like LP(X,w).

4. Exponential positive semicharacters

It seems reasonable to conjecture that positive semicharacters are always
exponential. Unfortunately we are not able to prove this. Here are, at least,
some criteria and several examples:

Lemma 4.1.

(1) If (X, ) is discrete, then ag is always exponential.

(2) Let ap, 1 be exponential positive semicharacters on (X, ), and let
(X, e) be the deformation of (X,*) w.r.t. ag. Then aq/ag is an
exponential positive semicharacter on (X, e).

Proof. Part (1) is clear by taking U = {e}. For the proof of (2) choose
neighborhoods Uy, U; of e and constants Cy,Cy associated with «q,a;
respectively. For U := Uy NU, NUy; NU; and C := CyCi, we ob-
tain that for z,y € X with y € = x U, we have x € y * U and thus
ap(z)an (y)/(ao(y)ai(z)) < C as claimed. m|

Example 4.1. In 23, Zeuner presented quite general, but technical con-
ditions on a function A € C([0, c0[) N C1(]0, oc[) with A(x) > 0 for z > 0
which ensures that there exists a unique commutative hypergroup ([0, co[, *)
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whose semicharacters are precisely the eigenfunctions of the Sturm-Liouville
operator

Laf=—f"=(A/A)f

with initial conditions f(0) = 1 and f’(0) = 0; see also Section 3.5 of
U This hypergroup is called the Sturm-Liouville hypergroup associated
with A. Moreover, to the knowledge of the authors, all known hypergroup
structures on [0, co[ appear in this way (up to isomorphism); see also
for details. We here mention that Zeuner’s approach in particular includes
all Chebli-Trimeche hypergroups and thus all double coset hypergroups
associated with noncompact symmetric spaces of rank one.

We claim that all positive semicharacters on a Sturm-Liouville hyper-
group on [0, co[ with A satisfying Zeuner’s conditions are exponential. To
prove this, recall from Section 3.5 in U'that Zeuner’s conditions imply that

pi= L lim A'(z)/A(z) >0 (4.1)

xr—00

exists, and that the positive semicharacters are precisely the unique solu-
tions ;) of

Lagix = (p* — X)pix, @in(0) =1, ¢, (0) =0

with A > 0. Moreover, the renormalization (][0, co[, e) of ([0, co[, *) w.r.t.
w:x Is again a Sturm-Liouville hypergroup associated with the renormalized
function Ay := ¢?, - A where A, again satisfies Zeuner’s conditions; see
Section 3.5.51 of 1. Applying @) to A as well as to Ay, we see that
lim, o0 0y (2)/pir(x) exists. As supp(dy+dy) C [z —y|, z+y] for z,y > 0,
it follows from the mean-value theorem that ¢; is exponential.

Example 4.2. Let V be a finite-dimensional Euclidean vector space, K C
O(V) a compact subgroup, and VX the associated orbit hypergroup as in
Example ZT(2). Then, for each p € V, the positive semicharacter a;, with
aip(K.x) = [ e R0 dk (z € V) is exponential. In fact, we may take
U:=={Kz: z eV, |zl <1} C VE as a neighborhood of the identity.
For orbits K.z, K.y € VX with K.z € U % K.y we then have representatives
x,y € V with ||z — y||2 < 1 which implies that e~ (»F#) < e=(PEvellellz for
k € K and thus a;,(K.z) < a;,(K.y)el?l2 as claimed.

Example 4.3. Let G be a (not necessarily complex) noncompact, con-
nected semisimple Lie group with finite center and K a maximal compact
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subgroup. Let G = NAK and g = n + a + £ be the corresponding Iwa-
sawa decompositions. For g € G let A(g) € a be the unique element with
g € N exp(A(g))K. Let X7 be the set of positive roots (for the order
corresponding to n), and p = % Zaez+ me the half sum of positive roots
with m, as multiplicity of «. Then, by a formula of Harish-Chandra (see
Theorem 1V.4.3 of 4), the spherical functions on G, i.e., the multiplicative
functions on G//K, are given by

w(g):/ el rrAkD) gk (g€ G),
K

where A runs through ac, the complexification of a. Clearly, the ¢, for
A € i -a are positive multiplicative functions. These functions are also
exponential. To prove this, we conclude from Lemma IV.4.4 of 4 that

(P)\(g_lh) _ / e(—i)\-‘rp,A(kg))e(i)d—p,A(kh)) dk (g,h c G)
K

Hence, for each compact neighborhood U of e there is a constant C' > 0
such that ¢y (g71h) < Cpyr(h) forallg e U, h€ G and A € - a.

Example 4.4. Let R be a (reduced, not necessaryly crystallographic) root
system in R™ with the standard inner product (., .), i.e. R C R™\ {0} is
finite with RN Ra = {£a} and 0,(R) = R for all a € R, where o, is the
reflection in the hyperplane perpendicular to o. Assume also without loss
of generality for our considerations that (o, ) = 2 for all @ € R. Let W
be the finite reflection group generated by the o, and let k& : R — [0, 00|
be a fixed multiplicity function on R, i.e. a function which is constant on
the orbits under the action of W. The (so-called rational) Dunkl operators
attached to G and k are defined by

T (@) = 0cf (@) + 3 k(@Yo LD —00T) e cpn (49

aERy <CY,.’I,'>

Here O¢ denotes the derivative in direction £ and R4 is some fixed positive
subsystem of R. The definition is independent of the special choice of
R, due to the G-invariance of k. As first shown in 2, the Te(k), € € R
generate a commutative algebra of differential-reflection operators. This is
the foundation for rich analytic structures related with them. In particular,
there exists a counterpart of the exponential function, the Dunkl kernel,
and an analogue of the Euclidean Fourier transform with respect to this
kernel. The Dunkl kernel Ej, is holomorphic on C" x C" and symmetric
in its arguments. Similar to spherical functions on symmetric spaces, the
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function Eg( ., y) with fixed y € C™ may be characterized as unique analytic
solution of the joint eigenvalue problem

Te(k)f = (&y)f forall £€C", f(0)=1; (4.3)

cf. L Apart from the trivial case k = 0 with Ej(z,y) = e®¥, Ej is
explicitly known in a few cases only like n = 1; see Ll for a survey. The
G-invariant counterpart of Ej is the generalized Bessel function

Jre(2,y) Ex(9x,y)
aCP>

which is G-invariant in z,y and naturally considered on the closed positive
Weyl chamber C' associated with Ry. For n = 1, Ji is a usual Bessel
function. Moreover, in the cristallographic case and for certains half-integer
multiplicities, the J; are the multiplicative functions of certain Euclidean
orbit hypergroups as in Example EZJl Here, and for n = 1, the Ji(x,y)
(y € C™) therefore form the multiplicative functions of some commutative
hypergroup on C. It is conjectured that there exist such commutative
hypergroups on C' for all root systems and multiplicities £ > 0. Only part
of this conjecture has been verified up to now in 16

Now fix a root system R and k > 0 such that the Ji(.,y) (y € C") are
the multiplicative functions of a commutative hypergroup (C,x). To find
positive semicharacters, we employ the following psoitive integral represen-
tation for Fj (and thus Ji): For given R, k > 0, and 2 € R™ there exists a
unique pribability measure p, on R™ such that

Ji(z,y) = /e<z=y> dpig (2) for yeC™. (4.4)

Moreover, supp gy C {z € R™ : ||z]l2 < ||z|2}. Thus, for each y € R,
Ji(.,y) is a positive semicharacter on (C, *). We claim that these semichar-
acters are exponential.
To show this, let U := {z € C : ||z]|]2 < 1} and x1,22 € C with z; €
U*$2 We conclude from Theorem 4.1 of 10 that then z; € CNpewiz €
Dz —was] < 1} holds. As ||z — w|| < ||z — w.z|| for all z,z € C and
w € W by Ch. 3 of 3, we even have ||lz; — x3]| < 1. In the same way as in
Example 4.3 we now obtain from Eq. @) that Ji(x1,y) < el (20, y)
which proves that Ji(.,y) is exponential for each y € R™.
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