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Bessel convolutions on matrix cones

Margit Rosler

ABSTRACT

In this paper we introduce probability-preserving convolution algebras on cones of positive
semidefinite matrices over one of the division algebras F = R, C or H which interpolate the
convolution algebras of radial bounded Borel measures on a matrix space M), ,(F) with
p = q. Radiality in this context means invariance under the action of the unitary group
Up(F) from the left. We obtain a continuous series of commutative hypergroups whose
characters are given by Bessel functions of matrix argument. Our results generalize well-
known structures in the rank-one case, namely the Bessel-Kingman hypergroups on the
positive real line, to a higher rank setting. In a second part of the paper we study structures
depending only on the matrix spectra. Under the mapping r — spec(r), the convolutions
on the underlying matrix cone induce a continuous series of hypergroup convolutions on
a Weyl chamber of type B,. The characters are now Dunkl-type Bessel functions. These
convolution algebras on the Weyl chamber naturally extend the harmonic analysis for
Cartan motion groups associated with the Grassmann manifolds U(p, q)/(U, x Uy) over F.

1. Introduction

Let us start with the basic guiding example which corresponds to the rank-one case of our subsequent
constructions. For a natural number p > 2 consider the set lead(]Rp) of regular bounded Borel
measures on RP which are radial, i.e. invariant under orthogonal transformations. Mgad(Rp) is a
commutative Banach algebra with the usual convolution of measures. Transferring this structure
to R, = [0,00) via the mapping z + |z| = (22 +--- + 2 )1/2 one obtains a commutative Banach
algebra of Borel measures on Ry . Calculation in polar coordmates shows that its convolution *, is
determined on point measures by

b xp 05(f) = cp/ F(Vr2+ 52— 2rscos0)sin?20df, rseRy, feCRy)
0

with a normalization constant ¢, > 0. The above assignment defines a probability measure 6, *, 0,
not only for integer p but for all real p > 1, and it extends uniquely to a bilinear and weakly
continuous convolution on the space Mp(R;) of regular bounded Borel measures on R which
is commutative, associative, and probability-preserving [Kin63]. The interesting point about this
family of convolutions is that analytic properties which are valid for integer indices p, due to their
origin in radial analysis on R?, remain true for general indices where no longer is any group structure
present. For example, consider the normalized Bessel functions j,(2) = oF} (a+1; —22/4) with index
a =p/2 — 1. If p is a natural number, then

jallal) = / @D do(e), xR
sp-1
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(do denotes the normalized Lebesgue surface measure on the unit sphere SP~!), and the homomor-
phism property of the exponential function entails the product formula

Ja(r)ja(s) = 6, *p s (Ja)-

This formula, however, extends to arbitrary indices p > 1, see [Wat66]. The space R together
with the convolution *, is a well-known example of a commutative hypergroup, called the Bessel-
Kingman hypergroup [BH95]. A hypergroup is a locally compact Hausdorff space X together with
a probability-preserving convolution of measures on X which generalizes the measure algebra of a
locally compact group; in particular, one requires a unit element and the existence of an involution
on X generalizing the group inverse in a suitable way; for details we refer to [Jew75] and §2.3
below. There is a rich harmonic analysis for commutative hypergroups extending the analysis on
locally compact abelian groups. In particular, there is a Haar measure, a dual space, and a Fourier
transform satisfying a Plancherel theorem. In our example (R, %,) the dual space consists of the

Bessel functions

j p
{a(r) =jalrs), s €R}, a=7 -1,

and the hypergroup Fourier transform is given by a Hankel transform,
Frio = o [ #0)etrnta
s) = r)ps(r)r r.
L'(p/2) Jr, ’

This extends the fact that the Fourier transform of a radial function F(z) = f(|z|) € L'(RP) is
again radial and given by a Hankel transform of f with integral index p.

In the present paper, we generalize the Bessel convolutions described above to a higher rank
setting, where the space of ‘radii’ is realized as a cone of positive semidefinite matrices. More
precisely, we construct convolution algebras on such cones which interpolate radial convolution
algebras on spaces of non-squared matrices. The setting is as follows: for ¢ € N and a natural
number p > ¢ consider the space M, , = M, 4(FF) of p x ¢ matrices over one of the division algebras
F = R, C or the quaternions Hl. It has the structure of a Euclidean vector space with scalar product
(z|y) = Rtr(z*y) (see §2.1 for the notation). A function or measure on M, , is called radial if it is
invariant under the action of the unitary group U, = U,(F) on M, , by left multiplication,

Up X Mp,g = Mpq, (u, ) — u. (L.1)

Observe that this action is via orthogonal transformations, and that x and y are contained in the
same Up-orbit if and only if 2"z = y*y. Thus, the space of U,-orbits is naturally parametrized by
the cone II, = II,(F) of positive semidefinite ¢ x g-matrices over F. Note that II; (F) coincides with
the non-negative real line R . There is a radial harmonic analysis on M, ;, which is based on polar
coordinates with II, as radial part and the Stiefel manifold

Ypg={r € Mpg:a'ew =1} 2Up/Up4
as a transversal manifold. In [FT87], this is developed to some extent within the general framework
of symmetric cones. Indeed, the open cone
Qg = {r €I, : r strictly positive definite}
is a symmetric cone within the space Hy, = {x € My(F) : = 2*} of Hermitian ¢ x ¢ matrices over

F which carries a natural Euclidean Jordan algebra structure of rank ¢; see §2.1 for details.

For each integer ¢ > p we interpret radial analysis on M, , in the concise context of a commu-
tative ‘orbit hypergroup’ convolution on the cone II, which is derived from the orbit structure with
respect to the action of U, on M, ,. Similar to the rank-one case, the characters of this hypergroup,
i.e. the multiplicative functions which make up the dual are obtained by taking the means of the
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BESSEL CONVOLUTIONS ON MATRIX CONES

exponential characters on M, , over the Stiefel manifold. This implies that they are given in terms
of Bessel functions J,, on the cone II; with (half) integer index yu = pd/2, where d = dimgr[F. The
Bessel function of index p is a hypergeometric series of the form

7 Z(_l)w 7
S AN

here the summation is over all partitions {A = (A,...,A;)) € Nl : Ay = -+ = A}, (0) is a
generalized Pochhammer symbol, and the Z), are renormalized versions of the so-called spherical
polynomials associated with the underlying cone, cf. §2.1. The multiplicativity of the Bessel func-
tions of index p = pd/2 with respect to the associated orbit convolution on II, expresses itself in a
positive product formula. Under the technical condition p > 2¢, this product formula can be written
in a way which allows analytic continuation with respect to the index p. We thus obtain a positive
product formula for all Bessel functions with index p > d(q — 1/2), and an associated continuous
series of hypergroup structures *, on the cone II; whose dual is given by the functions

r— ps(r) = ju(%rszr), s e ll,.

Actually, each hypergroup (Ily, ,) is self-dual in a natural way; the neutral element is 0 and the
involution is the identity mapping. For matrix cones, the Hankel transform of [FT87] can now
be identified with the L?-Fourier transform on the underlying hypergroup; but in addition to the
results of [FT87], it is also (and primarily) defined as a Fourier transform on an L!-convolution
algebra.

Before continuing with structural aspects, let us spend some words on Bessel functions of matrix
argument. They trace back to ideas of Bochner and the fundamental work of Herz [Her55] and
Constantine [Con63]. Much of the interest in these functions is motivated by questions in number
theory and multivariate statistics. In particular, they occur naturally in the explicit expression of
non-central Wishart distributions which generalize non-central x2-distributions to the higher rank
case, see [Con63] and [Mui82]. Nowadays, Bessel functions of matrix argument are imbedded in
rich theories of multivariable special functions. Firstly, they can be considered the oF} class among
general , F-hypergeometric functions of matrix argument, where hypergeometric series are defined
in terms of spherical polynomials; see [GR87] and [Jam75] for an introduction. Secondly, all of this
can be done in the general setting of abstract Jordan algebras and symmetric cones, see [FK94]. In
any case, the spherical polynomials depend only on the eigenvalues of their argument. Considered as
functions of the spectra, they can be identified with Jack polynomials of a certain index depending
on the underlying cone; this was first observed by Macdonald [Mac87]. There is a natural theory of
hypergeometric expansions in terms of Jack polynomials (see [Kan93]) which encompasses the theory
on symmetric cones. Finally, hypergeometric expansions of such kind are intimately related to the
modern theory of hypergeometric functions associated with root systems as developed by Heckman,
Opdam, Dunkl, and others. As functions of the spectra, Gaussian hypergeometric functions on a
symmetric cone can be identified with hypergeometric functions associated with a root system of
type BC' with a specific choice of parameters [BO93]. Similarly, Bessel functions on a symmetric
cone can be considered as a subclass of the Bessel functions associated with reduced root systems
of type B in the sense of [Opd93]. The latter play a fundamental role in the theory of rational
Dunkl operators [Dun89, Dun91]. This connection is taken up in the second part of the paper,
where we consider structures which depend only on the spectra of the matrices from the underlying
cone II,. This amounts to assuming invariance under the action of the unitary group U, = U,(F)
by conjugation,

r—uruTl, ue Uy.

The orbits under this action are naturally parametrized by the set =, of possible spectra of matrices
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from II,, the eigenvalues being ordered by size:

Eq:{§:(£177§q)€Rq§1>251120}

Here 5, is a closed Weyl chamber for the reflection group B, which acts on R? by permutations and
sign changes of the coordinates. Via the canonical mapping from II; onto Z, which assigns to each
matrix its spectrum, the continuous series of hypergroup structures (Ily, *,) with u > d(q — 1/2)
induces a series of commutative hypergroup structures o, on the chamber Z,. The transfer is
established by means of so-called orbital mappings. The convolution, Haar measure, and dual space
of each hypergroup on the chamber are made explicit. In particular, the Haar measure of (Z,,0,)
is (up to a constant factor) given by h,(§) d§ where

q
d
ho(©) =11 [[&G - v=n—50@-1) -1
=1

y 2
1<)
The hypergroup characters turn out to be certain Dunkl-type Bessel functions

¢ J2( i), neg,

associated with the B, root system {+e;, te; £e;} C RY. Here k is a parameter on the root system
which is constant on each subset of roots corresponding to a conjugacy class of reflections; in our
situation it is given by k = (k1, k2) with
lclz,u—gl(q—l)—1 on = e;; k‘g:g on *e; e
2 2 2

The hypergroup convolution on the Weyl chamber matches the generalized Dunkl translation [R6s98]
for Weyl group invariant functions, and we have an interpretation of the Dunkl transform as a
hypergroup Fourier transform. It is an important observation in this context that Bessel functions
on an arbitrary symmetric cone of rank ¢ are given by Dunkl Bessel functions of type B, see
Corollary 4.6.

In the geometric cases u = pd/2, the support of the probability measure ¢ o, 6, on Z,
describes the set of possible singular spectra of sums = + y with matrices x,y € M, , having given
singular spectra & and 7. Further, the characters are just the bounded spherical functions of the
Euclidean-type Riemannian symmetric space (U, x Uy) x M), ,/(U, x U,) associated with the Grass-
mann manifold U(p, q)/U, x U,. For general ;i they are characterized, within the theory of rational
Dunkl operators, as the unique analytic solution of a so-called Bessel system; see [Opd93]. It is con-
jectured that for arbitrary root systems and non-negative multiplicities, the associated Dunkl-type
Bessel functions satisfy a positive product formula and can be characterized as the characters of a
commutative hypergroup structure on the underlying Weyl chamber. The three continuous series
(d = 1,2,4) for B, obtained in this paper are, to the best of our knowledge, the first affirmative
examples beyond the group cases associated with Cartan motion groups of reductive symmetric
spaces. Some background, together with further partial results, is given in [R6s03a].

The organization of this paper is as follows. In § 2, background on symmetric cones and Bessel
functions on cones, as well as some hypergroup analysis are provided. Section 3 is devoted to the
study of Bessel convolutions on matrix cones. In § 3.1, orbit convolutions derived from matrix spaces
M, , are considered. In § 3.3, the corresponding product formula for the involved Bessel functions
is analytically extended with respect to the index, and in §3.4 the associated series of hypergroup
convolutions on the cone are studied. In particular, their Haar measure and the dual are determined.
In §3.5 we analyse an interesting critical index. Section 4 is devoted to the induced convolution
algebras on a Weyl chamber of type B. They are derived in §4.1 from the convolutions on the
matrix cones and are then, in the two final subsections, put into relation to rational Dunkl theory.
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2. Preliminaries

In this introductory section we provide some relevant background on symmetric cones, in particular
matrix cones, and about Bessel functions on such cones. In the main part of the paper we shall
introduce orbit convolutions and their ‘interpolations’ on matrix cones within the framework of
hypergroup theory. A short account on the relevant notions and facts is therefore included in the
present section. For a general background on hypergroups, the reader is referred to the fundamental
article [Jew75] (where the notion ‘convo’ is being used instead of ‘hypergroup’), or to the mono-
graph [BH95]. An excellent reference for analysis on symmetric cones is [FK94]; for special functions
on matrix cones see also [GR87] as well as the classical papers of Herz [Her55], James [Jam75], and
Constantine [Con63].

2.1 Analysis on symmetric cones

Let F be one of the division algebras F = R,C or the quaternions H. We denote by ¢ +— t the
usual conjugation in F and by Rt = %(t + ) the real part of t € F. Consider the set of Hermitian
q X g-matrices over I,

Hy=HyF)={z e My(F) :x =2"}; 2= =t

We regard H, as a Euclidean vector space with scalar product (z|y) = ftr(zy), where tr denotes
the trace on M, (IF). The dimension of H, over R is

d
n=q+ iq(q —1), d=dimgF.
With the above scalar product and the Jordan product x oy = %(ajy + yx), the matrix space Hy
becomes a Euclidean Jordan algebra with unit I = I, the unit matrix. The rank of H,, that is the
number of elements of each Jordan frame in H, is q.

The set €, = Q4(F) of those matrices from H, which are positive definite is a symmetric
cone. Recall that a symmetric cone €2 is a proper, non-empty convex cone in a finite-dimensional
Fuclidean vector space V which is self-dual and homogeneous in the sense that its group of linear
automorphisms acts transitively. Let G denote the connected component of this group. Then K =
G N O(V) is a maximal compact subgroup of G and Q = G/K, a Riemannian symmetric space.
The matrix cones are realized as Q,(F) =2 GL,(F)/U,(F). Hereby GL,(F) acts via r +— grg*, which
reduces to conjugation when restricted to the unitary subgroup U,(FF). Our main interest will be in
the closure of 2, relative to H, which coincides with the set of positive semidefinite matrices over F,

T, = 1,(F) = {z*z: 2 € H,} = {2* : x € H}.

For a general Euclidean (i.e. formally real) Jordan algebra V, the interior Q of the set {z? :z € V}
is a symmetric cone, and each symmetric cone in a finite-dimensional Fuclidean vector space V
can be realized in such a way. For details see [FK94, §II1.3]. The simple Euclidean Jordan algebras
correspond to the irreducible symmetric cones and are classified. Up to isomorphism, there are the
above series H,(F) with F = R, C, H, the exceptional Jordan algebra H3(Q), as well as one infinite
series of rank-two algebras corresponding to the Lorentz cones

Ap={(2',z,) ERxR"T: azi — \m'|2 > 0,2, > 0}.

Let V be a simple Euclidean Jordan algebra of rank ¢ and real dimension n, let e be the unit of
V and Q the associated symmetric cone. We recall that for each x € V there is a Jordan frame
{e1,...,e4} such that x = Y 7, &e; with real numbers &. Up to ordering, the & are uniquely
determined and are called the eigenvalues of x. Note that x € Q if and only if all its eigenvalues

753



M. ROSLER

are positive. The trace and determinant of = are defined by

q q
tre = Zﬁz‘, Alz) = H&'-
i=1 i=1

In the Jordan algebras Hy(F), the function A coincides with the usual determinant dety if F = R
or C, while for F = H it coincides with the Dieudonné determinant, i.e. A(z) = (detcz)'/? when z
is considered as a complex matrix in the usual way.

Recall that a g-tuple A = (A1,..., ;) € N{ is called a partition if \; > -+ > A\, > 0. Following
a standard convention, we shall often write A > 0 to indicate that A is a partition. For u € C, a
parameter a > 0 and a partition A = (A1,...,\;) € N{, the generalized Pochhammer symbol ()%
is defined by

q
1
Wi =T(n-26-1) .
o « bV
7=1 J
The basic functions for the harmonic analysis on a symmetric cone €2 are the so-called spherical

polynomials. These are just the polynomial spherical functions of 2 considered as a symmetric
space G/K. They are indexed by partitions A € N{ and defined by

D) (x) = / Ay(kz)dk, €V
K
where dk is the normalized Haar measure on K and A) is the generalized power function on V/,
Ax(z) = A (@) Ag ()27 Ay ()M,

The A;(x) are the principal minors of A(x), see [FK94] for details. The power function Ay is a
homogeneous polynomial of degree |A| = A\; + --- 4+ A\, which is positive on 2. Note that ®)(e) = 1.
Further, @, is K-invariant and therefore depends only on the eigenvalues of its argument. For
the matrix cones over R the &, are known as zonal polynomials, for those over C they coincide
with Schur polynomials. Actually, for each symmetric cone the associated spherical polynomials
are given in terms of Jack polynomials [Sta89]. This was first observed by Macdonald [Mac87] (see
also [Far92] and the notes in [FK94, ch. XI]). More precisely, let C§ denote the Jack polynomials
in ¢ variables and with parameter o > 0, indexed by partitions A € NE. We assume them to be
normalized such that

G4+ = Y R VkeNg (2.1)
A0, A=k
(cf. [Kan93]). For an irreducible symmetric cone 2 C V' as above, let d be the Peirce constant given
by d = dimg F if 2 is a matrix cone over [F while d = n — 2 if € is the Lorentz cone A,,. Consider
the renormalized spherical polynomials
Al

(n/a)§
where a = 2/d and dy denotes the dimension of the vector space of polynomials on 7= (the

complexification of V'), which is generated by the elements z — Ay(g712), g € G; cf. [FK94, § XI1.5].
Then for z € V with eigenvalues £ = (§1,...,&;) we have

Z)\(:L’) = d)\ . <I>,\(a:)

Zi(x) = C5(6), a=-.

In normalization constants, we also need the gamma function of €2,
Fa(z) = / e_t””A(a;)z_"/q dx
Q
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which converges absolutely for z € C with S8z > n/q—1 and can be written in terms of the classical
gamma function as

ra(2) = o 92 T r(= - 56 - )

j=1
see [FK94, ch. VIIL.1].

2.2 Bessel functions on a symmetric cone

Hypergeometric expansions in terms of spherical polynomials have a long history in multivariate
statistics, tracing back to the work of Herz [Her55], James [Jam75], and Constantine [Con63]. They
are important in the study of Wishart distributions and for questions related to total positiv-
ity [GR89]. In view of the above connection between spherical polynomials and Jack polynomials
it is natural to treat these classes of functions in the more general framework of multivariable hy-
pergeometric functions based on Jack polynomial expansions (see [Kan93]). In our context, only
hypergeometric functions of type oF; (which are Bessel functions) will be relevant.

For an arbitrary parameter o > 0 and an index p € C satisfying (1)} # 0 for all partitions
A € N{, the generalized hypergeometric function oF{*(u;-) on C? is defined by

1
oFf (1:€) = Y v - CR(9).
2 g
It is known [Kan93] that this series converges absolutely for all £ € CY. Similarly, a oF;-hyper-
geometric function of two arguments is defined by

ce =S L CROC)
TR = 2 T o)

Now suppose that & = 2/d where d is the Peirce constant of a simple Euclidean Jordan algebra
V of rank g corresponding to the symmetric cone €. Then the Bessel function oF}*(p;-) essentially
coincides with the Bessel function J,, associated with 2 in the sense of [FK94]. Indeed, the latter
is given by

1=(1,...,1).

(D 2
T (x) = Zy(x) forxz eV, a=-. 2.2
Thus, for x € V with eigenvalues & = (&1,...,&,),
Tulw) = oF/ (s —€). (2.3)

If ¢ =1, then J, is independent of d and we have

(%) = s

with the one-variable Bessel function j,_1 as in the introduction. In §4.3 we also work with Bessel
functions of two arguments z,y € V,

- (=) Z\(2)Z\(y)
Tulw.y) =) (LS IA! )\ZA(‘:\) ’

A>0

For z,y € V with eigenvalues = (&1,...,&,) and n = (n1,...,1,) respectively, we have

Tula,y) = oFL! (s i€, im). (2.4)

We shall see in the following that these functions are Bessel functions of Dunkl type. The following
estimate is especially useful for large indices p.
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LEMMA 2.1. For a > 0 let oF{*(u;-) denote the associated generalized Bessel function of index p
on C4. Suppose that Ry > é(q —1). Then for £ = (&,...,&,;) € C4,

loF& (1 €)| < eléil+-+l&al

Proof. For n € Ny and z € C with Rz > 0 we have
‘ I'(z2) ['(Rz)

I'(z+n)| T(Rz+n)

Therefore, [(1)§| = [(Ru)S| = 1. Moreover, it is known that the coefficients of the Jack polynomial
C$ in its monomial expansion are all non-negative (see [KS97]). This implies that

ICR ] < CX(&l, - -5 [Eql)-

Using relation (2.1), we therefore obtain

o l
0 FF (1) < WCN&" &) = el -
a0 7

COROLLARY 2.2. Let J, denote the Bessel function of index i associated with the symmetric cone
Q) inside the Jordan algebra V of rank q. Suppose that Ry > %(q — 1). Then for x € V with
eigenvalues &1, ..., &g,

T (2)] < elétl++&l

We mention at this point that for Rp > d(¢g — 1) + 1 and a € Q, the Bessel function on € has
the absolutely convergent integral representation (an inverse Laplace integral)

Ca(u) trw — (w1 -
Tulr) = —= / etrwe=(w ‘T)A(w) Fdw (reQ)
g (2772)n a+iV
see [FK94, Proposition XV.2.2]. This integral was originally used by Herz [Her55] to define Bessel
functions on the cones of positive definite matrices over R; see also [FT87] and [Dib90] for arbitrary
symmetric cones. Corollary 2.2 slightly improves the order estimate for 7, given in [Her55, p. 486]

for F = R.

2.3 Hypergroups

We start with some notation: for a locally compact Hausdorff space X, let M,(X) denote the
Banach space of all bounded regular (complex) Borel measures on X with total variation norm,
and M'(X) C My(X) the set of all probability measures. With §, we denote the point measure in
x € X. We use the notation C(X),Cy(X), and C.(X) for the spaces of continuous complex-valued
functions on X, those which are bounded, and those having compact support, respectively. Further,
Co(X) is the set of functions from C'(X) which vanish at infinity.

DEFINITION 2.3. A hypergroup (X,*) is a locally compact Hausdorff space X with a bilinear and
associative convolution * on My(X) with the following properties.

(1) The map (u,v) — p* v is weakly continuous, i.e. with respect to the topology induced by
Cy(X).

(2) For all z,y € X, the product &, * §, of point measures is a compactly supported probability
measure on X.

(3) The mapping (z,y) +— supp(dy *d,) from X x X into the space of non-empty compact subsets
of X is continuous with respect to the Michael topology (see [JewT75]).

(4) There is a neutral element e € X, satisfying o, * §, = d, * 0, = d,, for all z € X.
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(5) There is a continuous involutive automorphism x — T on X such that 0z * oy = (0, * 596): and
x =7 <= e € supp(dy * dy). (For pn € My(X), the measure p~ is given by u=(A) = u(A) for
Borel sets A C X.)

A hypergroup (X, ) is called commutative if its convolution is commutative.
For a hypergroup (X, %), the space (My(X),*) is a Banach algebra with unit d.. Note that by

the density of the finitely supported measures in M (X), the convolution is uniquely determined as
soon as it is given for point measures.

Of course, every locally compact group is a hypergroup with the usual group convolution. In our
context, only commutative hypergroups will be relevant. Of particular interest is the following.

Ezample 2.4 (Jewett [Jew75, ch. 8]). Let (G, +) be a locally compact abelian group and K a compact
group acting continuously on G by automorphisms of G. Then the space G¥ = {K.x : 2 € G} of
K-orbits in G is a locally compact Hausdorff space with the quotient topology and becomes a
commutative hypergroup with the (natural) definition

(Ora % 61 (f / F(K(x+ ky) dk, | e C(GK).

The hypergroup (GK ,*) is called an orbit hypergroup; its neutral element is K.0 = 0 and the
involution is (K.z)~™ = K.(—x).

In the following, we collect some further ingredients underlying the harmonic analysis on a
commutative hypergroup X. There exists (up to normalization) a unique Haar measure w on X,
i.e. a positive Radon measure satisfying

/fa;*y ) dw(y /f )dw(y) Vrxe X, feC.(X).

Here and in the following we use the convenient notation

fasw)i= [ Fabons) = (68,00 (25)
Similar to the dual of a locally compact abelian group, one defines the dual space of X as

X :={peCy(X): ¢#0, ¢@) =p(z) and p(z *y) = p(z)p(y) Yo,y € X}.

This is a locally compact Hausdorff space with the topology of compact-uniform convergence. The
elements of X are also called the characters of X. They are the constituting functions for harmonic
analysis on (X, *). The Fourier transform on Mj(X) is defined by

Wbé@%@wﬁ,

and on L'(X,w) by ff ]/‘"c\u The Fourier transform is injective, and there exists a _unique positive
Radon measure 7 on X, called the Plancherel measure of (X, %), such that f — f extends to an
isometric isomorphism from L?(X,w) onto L?(X, 7). While the Haar measure w has full support,
the support of 7 may be a proper subset of X only.

Ezample 2.5 (Continuation of Example 2.4). For a Haar measure m on the group G, the image
measure of m under the canonical map 7 : G — G¥ provides a Haar measure on the orbit hyper-
group GX. Further, it is easily seen that the functions

va(K.x) ::/ alkx)dk, o€ G,
K

belong to the dual of G¥. Actually, we have the following.
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LEMMA 2.6. We have
(1) GK = {pa:acC);

(2) ¢a = po if and only if o and o/ are contained in the same orbit under the dual action of K
on G, given by (k.a)(z) = a(k™t.z).

Proof. 1t is known that GE can be identified with the extremal points of the set
E={p € C(Q) : p positive definite and K-invariant with 5(0) = 1};

the identification is given by 5 +— @3, ¢3(K.z) = B(x) for € G, see [Ros78]. By Bochner’s theorem,
each 3 € Zis of the form §(z) = [5 a(z) du(a) with some K-invariant probability measure 1 on G.
In this way, the extremal points of = correspond to the measures of the form p, = f K Ok o dk with

acd. Further, p, = o if and only if @ and o belong to the same K-orbit in G. ]

A commutative hypergroup (X, ) is called self-dual if there exists a homeomorphism ¥ : X — X
such that

V@)@V = [ @)@ ) w) Vayze X

In that case, X is a dual hypergroup in the sense of [Jew75, §12.4] where the convolution product
Oy(x) *Oy(y) is just the image measure of 4, * d, under V. It is easily checked that the image measure

U (w) of the Haar measure w on X is a Haar measure on X . Thus, by [Jew75, Theorem 12.4A], ¥(w)
coincides up to a multiplicative constant with the Plancherel measure 7 of X.

3. Convolution structures associated with Bessel functions on a matrix cone

3.1 Orbit hypergroups on a matrix cone

For natural numbers p > ¢, consider the matrix space M, ; = M, 4(IF) of p x g-matrices over F. We
regard M, , as a real vector space, equipped with the Euclidean scalar product (z|y) := Rtr(z*y)
and Hilbert-Schmidt norm ||z| = \/tr(z*z). The unitary group U, = U,(F) acts on M, , by left
multiplication,

Up X My g — Mpg, (u,x)— ux.

The orbit space MZI){ g for this action can be identified with the space II;, = II;(F) of positive
semidefinite ¢ X ¢ matrices over F via

Uypx — Varz = |z|.
Here for r € II;, \/r denotes the unique positive semidefinite square root of r. It is easy to see that
the above bijection becomes a homeomorphism when Mé{ g is equipped with the quotient topology
and II, with the subspace topology induced from M,. (Indeed, both the canonical map = — U,.x
from M, , onto M,[,{ g and the mapping x — Vara, M, , — 11, are open and continuous.) Note that
the Stiefel manifold

Ypg={r €My :z'x=1,}

1,
09 = <0q> € M,,.

Before calculating the orbit hypergroup convolution for the above action, let us recall the basic
aspects of radial analysis in M, , as developed in [FT87]. As in the introduction, radiality here
means invariance under the above action of Up; a function F' on M), , is radial if and only if it is
of the form F(x) = f(|z|) for some f : II, — C. Suitable polar coordinates in M, , are defined as

is the orbit of the block matrix
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follows: let do denote the U,-invariant measure on %, ;, normalized according to fzp \ do =1, and
let ’

M, , = {x € My4: A(z"z) # 0}
which is open and dense in M, ;. Then the mapping

Qq X Xpg— My, (r,0)—0Vr

is a diffeomorphism, and for integrable functions f : M, , — C one has

f(z)de = Cp7q/ / flov/r)A(r)Y dr do
My q Qg JEpq
with
rdpa/? dp n
Cpyg=———— and = — —. 3.1
N R0 B B 3

As before, n is the real dimension of H,. Our notion slightly differs from that of [FT87] (and the
monograph [FK94]); it is adapted to the left action (1.1) of U, on M, , while the notion of [FT87]
would require to have U, acting from the right on M, ,,. As Lebesgue measure on M, , is Uj,-invariant,
the Fourier transform of a radial function in L!'(M, ) is again radial, and also the convolution of
two radial functions is radial; both can be calculated by the use of polar coordinates, cf. [FT87]. We
shall come back to this shortly. Following Example 2.4, we obtain the orbit hypergroup convolution

6 48)(5) = [ Hllour +uonsldu, s €T,

The image measure of du under the mapping U, — X, 4, u — uoq is Up-invariant and therefore
coincides with the U,-invariant measure do. Hence,

(6, % 85)(f) = f(|aor+as\)da:/ f(\/12 + 52 +ros+ (ros)*) do (3.2)
Epvq Epvq

where 0 = oj0 is the ¢ x g-matrix whose rows are given by the first ¢ rows of o. Actually, this
convolution depends on p (and ¢), which we surpress for the moment. The neutral element of the
orbit hypergroup (II, *) is 0, and the involution is the identity mapping (because z € M, , and —x
are in the same Up-orbit). Further, according to Lemma 2.6, the dual space of (Ily, *) consists of
the functions ¢y, s € II,; with

pulr) = [ et gy = [ et g (3.3)
U, )

P,q

These are Bessel functions. Indeed, according to [FK94, Proposition XVI.2.3] we have, for x € M, ,,

the identity
- 1 d
/ 6—2(0'|-'E) do’ — ‘7/1 <Zx*m>’ n= % (34)
by

P,q
where J), is the Bessel function of index p associated with the symmetric cone €2, as in §2.2. Thus,

ps(r) = Tu(grs’r).

We mention at this point that up to a constant factor, ¢4(r) coincides with the Bessel function
J(r? s?) in [FT87]. As J,(z) depends only on the eigenvalues of x and as the matrices rs’r and
sr?s have the same eigenvalues, we see that

0s(r) = or(s) Vr,s ell,.
This implies that the hypergroup (Ily, *) is self-dual via r — ¢,.
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DEFINITION 3.1. In order to stress that the convolution * of the orbit hypergroup 1I, = Mg g
depends on p or, equivalently, on the index p = pd/2, we denote it by *, and write II,, for the

orbit hypergroup (Ily, *,,).

A Haar measure w, on the orbit hypergroup II,, is given by the image measure of the (nor-
malized) Lebesgue measure (27)7%%/2 dz on M, , under the mapping x — |z|. Using again polar
coordinates, we obtain

9—Hgq
- To, ()
Fourier transform and convolution of radial functions on M, , are calculated with our notation

a follows: suppose that F,G € L*(M,,) are radial with F(z) = f(|z|) and G(z) = g(|z|). Then the
Fourier transform of F' is

wu(f) /Q FVDAMY dr, | € Cu(IL,).

~

1 - ~
— —i(\2) g — —
FO) = Gy [, F@e 0 o= [ 1)) duntr) = F)
The convolution of F' and G is given by F x G(x) = H(|z|) with
H(r) = (2m)~ %4/ F(oor —y)G(y) dy

Mp,q
2~ Hq

= /n f(rx,5)g(s) dwu(s) = (f *u 9)(r).

(Recall notation (2.5).) The multiplicativity of the characters s implies a positive product formula
for the Bessel functions 7, with index = pd/2,p > ¢ an integer:

Tu(r?) Tu(s?) = / Ju(r? + s* +r&s + s5*r)do  Vr,s €1, (3.5)
Epwq

We shall generalize this formula to Bessel functions of arbitrary index p € C with Ru > d(q—1/2).
For real indices we shall obtain a positive product formula, which leads to a continuous family of
hypergroup structures on II; beyond those which have a realization as orbit hypergroups as above.
The decisive observation towards this aim is that only the reduced matrix ¢ is relevant in (3.5)
and (3.2). In the following section, we introduce coordinates on the Stiefel manifold which are
adapted to this situation.

3.2 Split coordinates on the Stiefel manifold

Let k € N with p — k > q. We decompose 0 € ¥, , as 0 = (3}) with v € My, 4 and w € Mp,_y, 4. For
fixed ¢, put

Dy ={ve M,:v'v<I}
where the notion = < y for z,y € M,(F) means that y — z is (strictly) positive definite.

ProroOSITION 3.2. The mapping

v

is a diffeomorphism onto a dense and open subset flp,q of ¥y, 4. Let do and do” denote the normalized
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Riemannian volume elements on Y, , and X,y , respectively, and let 7 := %l(p —k)— %. Then on
Xpgr
do = cip - AL —v*v)"do’ dv
where
L, (dp/2)
Lo, (d(p —k)/2)

In the important special case p > 2¢, k = ¢ with F = R, this result goes back to [Her55]. For the
reader’s convenience we nevertheless supply a concise proof along a different approach.

-1
Chp = ( A(I —v*v)" dv> = q—dka/2
Dy,

Proof. 1t is easily checked that ® : Dy, x Xj,_j 4 — X, 4 is C' and injective, and that its image f]pg
is dense in 3, 4. Let f € C(3,,4) and extend it to F € L'(M,q) by F(o\/r) = f(0) if 31 <r < 31
and F' = 0 otherwise. Then

F(z)dz =C fdo with C'=C,, - / )7 dr. (3.6)
Mp,q Yp.q I<r< I

On the other hand, we write z € M), , in block form as z = (ﬁ;) with 21 € My, and 22 € M},

Then
I
F(x)dx = Cp_y, / / / ( )A(m)”drgdagdwl
/Mp,q pea Mg JogJs, ., \02V72

where we used polar coordinates xo = 02,/r2 in M,_ ,. Consider now the successive transforms
ro — xjr] + ro =: r with z; fixed and z1 — v = z1r~ /2 with r fixed. We have dry = dr and,
by [FT87, Lemma 2], dz; = A(r)%/2 dv. Thus, in a first step,

F(x)dx = Cp,- kq/ / / ( rmi i >A(r—x’fx1)’7drdag dxy
Mp.q My, g Jaie1+Qq JE, g g 1 1

where
I o v . o . % . _1/2
F(Uz«/r—x’{m) _f<02w> ith w = \/r = Vrvtoy/rer

As w*w = I —v*v, it follows that w = uv/I — v*v with some u € U,. The invariance of the Lebesgue
measure on M,,_j, , under the action of U, by right multiplication easily implies that do is invariant
under this action of U on 3,_j, 4. In view of the identity n+ &k d/2 = ~, the above integral therefore

becomes
v
A(r)THR A2 AT — v )" dos dv d
p k,q/1<r< I/Dk/p Y (02 /I——v*v> () ( v*v)" doy dv dr

P k,q v o
/D/ <02m> A(I = v*v)" doy dv.

Together with (3.6), this gives the stated Jacobian (which does not vanish on Dy x ¥, ,) and
proves the claimed diffeomorphism property of ®. O

If p > 2¢q, then the above proposition with £ = ¢ leads to a concise integration formula for
functions f(o) on X, , which depend only on the first ¢ rows of . For abbreviation, we put

0:=d(g—3)+1
and for p € C with R > p— 1,
Ky = / A(T — v )PP do.
D

q
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The explicit value of x,, is obtained by using polar coordinates and [FK94, Theorem VII.1.7] about
beta integrals on symmetric cones,

Lo, (1 —dq/2)

Ky, = C AL — )P eA(r) Y271 gy = gda*/2 .
12 9,9 /7:<I ( ) ( ) FQq(,U)

COROLLARY 3.3. Let p > 2q. Then for f € C(X,,) of the form
f(0)=f@), &=050

one has

1 ~
/ fdo = F0)AI — v )P %2 gy,
Yp.q kp d/2 J Dq
The dependence on p now occurs only in the density, not in the domain of integration.

3.3 A product formula for Bessel functions with continuous index

As the integrands in the convolution formula (3.2) and the product formula (3.5) depend only on
the reduced matrix o, we obtain by Corollary 3.3 the following.

PROPOSITION 3.4. Suppose that p > 2q and let u = pd/2.

(1) The convolution *, on the orbit hypergroup Il, , can be written as

1
(0r 4 05)(f) = — / F(Vr2 4 82 + rus + svr) AL — v )¢ do.
/fu Dq
2) The Bessel function [, satisfies the product formula
( f
1
Tu(r)Tu(s%) = - Tu(r? + 8% + rvs + sv*r)A(I —v*v)*2dv  Vr,s € I,
uJD,

We are now going to extend the integral formulas of Proposition 3.4 to arbitrary indices p within
the half plane {u € C: Ru > p— 1 = d(q — 3)}. We use a standard technique (cf. [Ste88] for the
rank-one case), namely analytic continuation with respect to p. The argumentation is based on a
classical theorem of Carlson.

THEOREM 3.5 (Titchmarsh [Tit39, p. 186]). Let f(z) be holomorphic in a neighbourhood of {z €
C: Rz > 0} satisfying f(z) = O(e“*) on Rz > 0 for some ¢ < w. If f(z) = 0 for all z € Ny, then f
is identically zero.

The following theorem is the main result of this section.

THEOREM 3.6. Let u € C with Ru > 9 — 1 = d(q — %). Then the Bessel function J,, satisfies the
product formula

1
Tu(r?) T (s?) = gy Tu(r? + 82 +rvs + sv*r)A(I — v*v)* 2dv Vs €T, (3.7)
K q

Remark. 1t is easy to obtain from (3.7) the more general identity
1
Tu(@*2) Tu(y*y) = - Tz + y*y + x*vy + y* v z) A(I — v o) % dv (3.8)
w JD,
for arbitrary x,y € M,. For this, recall that every x € M, has a polar decomposition x = u|z| with

|z| = Va*z € II; and a unitary matrix u € U,. Choose r = |z| = v*z and s = |y| = w*y with
u,w € Uy in (3.7). Then
1
Tu(@*2) T (y'y) = — Tu(@*z + y*y + 2 uow™y + y wou ) AL — v v)P ¢ d.
uJD,
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Under the coordinate transform v — wvw* =: v we have dv = dv, A(I — v*v) = A(I — v*v) and
v € Dy < v € Dy. This implies (3.8).

Proof of Theorem 3.6. Let W := {u € C: Bu > o — 1}. By the asymptotic properties of the usual
gamma function we have

. dq?/2
Ky ~ <;> uniformly in W as p — oo. (3.9)

Consider now the claimed product formula (3.7). Its left-hand side is holomorphic and, according to
Corollary 2.2, also uniformly bounded in W as a function of u. In order to estimate the right-hand
side of (3.7), note that the argument 72 + s? 4 rvs + sv*r is positive semidefinite for all v € D,.
Moreover,

tr(r2 + s% +rovs + sv'r) = ||1"||2 + ||S||2 + 2(r|vs)
< |1l + 20lrllvsl| + [Isl < (el + l1s])? (3.10)

where again || - || is the Hilbert-Schmidt norm on M. For the last estimate, it was used that I —v*v
is positive definite and therefore

Is]|2 = ||vs||® = tr(s(I — v*v)s) > 0.
Thus by Corollary 2.2,
| T (% + 8% + rus + sv*r)| < e(lIrl+ls® vy ¢ D,.

This easily implies that the right-hand side in (3.7) is also holomorphic as a function of p in W,
and can be estimated according to

1 1

— | Tu(r*+ 8% +rvs + sv*r)A(I —v*o)2du| < C - — - A(I —v* o) dy = C- o

Ku JDg kul Jp, |Ful
(3.11)

with a constant C' > 0 independent of u. In view of (3.9), the last expression is of the form
O(\u\dq2/2) as ft — oo in W.
Now define f(z) := g((z + 2¢)%) where
1
g(1) := Tu(r*) Tpu(s?) — — Tu(r? + 82 + rvs + sv™r) A(I —v* o) 2dv, peW.
u JD,

Then f(z) = 0 for all z € Ny by Proposition 3.4. The above considerations further show that f is
holomorphic and of polynomial growth on S8z > —1. With Carlson’s theorem, the validity of (3.7)
follows as claimed. O

Remarks. (1) We may as well establish a Bochner-type integral representation for the Bessel function
J,, with Ry > p—1 by analytic continuation. Indeed, for © = pd/2 with an integer p > ¢, we obtain
from (3.4) that for all z € M,,

Tula*a) :/ o—2i(0]o0a) da:/ o2iE) g
» %

p,q p,q

If p > 2q, then according to Corollary 3.3 this can be written as

Tu(x*x) = /{i /D e 2O AL — v*v) 2 du. (3.12)
H q

Analytic continuation with respect to p as above shows that (3.12) remains valid for all p € C
with SRu > ¢ — 1. From this identity, it follows by the Riemann-Lebesgue lemma for the additive
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matrix group (Mg, +) that J, € Co(Ily). In case F = R, the integral representation (3.12) for
Ry > o — 1 goes back to [Herb5], where it was proven by a different method.

(2) In the rank-one case ¢ = 1 we have

Ju<%2> () (rERY)

with the one-variable Bessel functions

22 X (=)D +1) 2\
in(2) = oF -2 )=y L T2
Jalz) =0 1<a—i— 4> le:;)nlf‘(a—l—n—l—l)(Z)
Formulas (3.12) and (3.7) reduce to the well-known Mehler formula

Ja(r) = ca /11 e_m(l — t2)a_1/2 dt
and the product formula .

5olr)ials) = 0 [ dalVTE RIS~ 2
which are both valid for « € C with Ra > —1/2.

We finish this section with an alternative form of product formula (3.7) and the integral repre-
sentation (3.12) for the Bessel functions J7,. Let

B :={z¢€ M 4F):|z| <1}

denote the unit ball in M 4(IF) = F¢ with respect to the standard norm |z| = ( ;]-:1 Ziz)V 2 Tt is
easily checked that

Al —2"2)=1— |z~
LEMMA 3.7. The mapping

1
yo (I — yiy1)'/?
P(yi,...,yq) = : i Yl,..,Yg €B
Yol = Y5 _1yq-1)"% - (I = yjyr)'/?

establishes a diffeomorphism from B? onto D, with Jacobi determinant
q—1
|det dP(y)| = T (1 — |y, )"/,
j=1

Proof. For k with 2 < k < ¢, the mapping

B x Dk—l — Dk, (z,w) — <w\/1’z—w>

is obviously a diffeomorphism. By [FT87, Lemma 2] and Fubini’s theorem, its Jacobi determinant is
given by (1 — |z|?)“*=1/2 The (¢ — 1)-fold iteration of this decomposition yields the assertion. [J

It is easily checked that for v = P(y) € Dy,

q
Al —v*v) = HAI Y;Y;) :H 1—|y]
7=1 7=1

This implies the following corollary.
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COROLLARY 3.8. Let ( € C with 8¢ > —1. Then the image measure of A(I — v*v)Sdv under
P~': D, — B9 is given by [[I_,(1 - ly;|2) ST Aa=)/2 gy,
Application to the product formula (3.7) and the integral representation (3.12) for the Bessel

function 7, gives the following.

COROLLARY 3.9. Let i € C with Ru > o — 1. Then for all r, s € 11,

1 q
Tu(r)Tu(s?) = — | Tulr® + "+ 7P(y)s + sP(y H (1= [y et a2 gy,
n J B j=1
1 - (a-3)/
2 —2i(P +d 2
= 1 _ l/« % q=J d
)= e IO = 1

3.4 Bessel convolutions on the cone Il

For real 1 > 0 —1 the measure H;l -A(I —v*v)*~¢ in product formula (3.7) is a probability measure
on Dg,. We shall see that (3.7) leads to a hypergroup convolution on II; which is of the same form as
those of Proposition 3.4. This will give us a continuous series of commutative hypergroup structures
on II; which interpolate those occurring as orbit hypergroups for the indices = pd/2, p > 2q an
integer.

THEOREM 3.10. Fix an index p € R with p > o — 1.

(a) The assignment

1
(8y %, 05)(f) = — F(Vr2 + 52+ rvs + svr)A(L — v ) Cdv;  f € C(1,)
K Dy
defines a commutative hypergroup structure Il ,, = (Il;, *,) with neutral element 0 and the
identity mapping as involution. The support of 0, *, 05 satisfies
supp(0r #, 0s) C {t € I : [[t]| < [|r[| + [[s]]}-
(b) A Haar measure of the hypergroup 11, ,, is given by

/ F(VDA@) dr
Q

q

9—au

wu(f) = m
With'y:,u—%(q—l)—lz,u—%.

Remark. The specific normalization of the Haar measure is motivated by Theorem 3.12 below.

Proof. (a) Clearly 0, %, d5 is a probability measure on II, and

supp (8, %, 05) = {V/12 + 82 + rvs + sv*r 1 v € Dy},

which does not depend on p. The stated support inclusion is immediate from the estimate (3.10).
This shows hypergroup axiom (2). Property (3) is clear because it is known to be true for indices
i = pd/2 which lead to an orbit hypergroup structure. Property (4) is obvious, and (5) with 7 = r
also follows in general because it is true in the orbit hypergroup cases. For the proof of (1) it suffices
to show that for each f € Cy(I1;) the mapping (r,s) — f(r*,s) is continuous. However, this is clear
from the continuity of the map (r,s,v) — f(Vr? + 52 +rvs + sv*r) on II2 x D,. Commutativity
of the convolution is obvious, and for the proof of associativity it again suffices to consider point
measures. So let r,s,t € II; and f € Cy(I1;). Then

Oy (05 %, 0¢)(f) = ﬁ% /D i FH(r, s, t;0,w) AL —v*0)P °A(I — w*w)" 2 dvdw =: I(p)
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with a certain II,-valued argument H that is independent of the index p. Similarly,

(5r *1u 53) *p 5t(f) = I/(lu’)

with some p-independent argument H’ instead of H. The integrals I(p) and I'(u) are well-defined
and holomorphic in {u € C: Ryu > p — 1}. Further, we know that I(u) = I'(u) for all u = pd/2
with an integer p > 2¢. By analytic continuation as in the proof of Theorem 3.6 (use (3.9) again)
we obtain validity of this relation for all p with R > o — 1.

(b) We need to prove that
| sssvnaeyar= [ pvnaey
Qq Qq
for all f € C.(Il;) and s € II,. Equivalently,

/ / f(\/32 + 7+ SUVT + VTors) AL — v )P A ()M dr do = F(VP)A() /4 dr.
Q, /D, o,
(3.13)

We know from §3.1 that this relation is true if 4 = pd/2 with an integer p > 2¢q. Moreover, the
stated result is well known in the case d = ¢ = 1 for all ;1 in question; actually, in these cases *,, is
just the convolution of a Bessel-Kingman hypergroup (see [BH95, §3.5]). So we may assume that
dq > 2. Again let W = {u € C: Ru > o — 1}. Then Ry — n/q > 0 for all p € W, and for fixed f
both sides of (3.13) are well-defined and holomorphic as functions of p in W. We shall again carry
out analytic continuation with respect to u, based on Carlson’s theorem. We proceed in two steps.

Step 1. For R > 0 let B := {r € II, : ||r|| < R}. Choose R > 0 with R? < e™/?. The explicit
formula for the convolution *, shows that there exist constants Sy, Ry > 0 such that for f € C.(Il,)
with supp f C Bg, and for s € I, with ||s|| < Sy we have

f(sx,/r)=0 if|r| > R.

Suppose that |f| < C on II; and note that A(r) < ||r||9. The left-hand side of (3.13) may then be
estimated according to

[LHS| < © A(r)TH=n/a gy AT — v*v)P =2 dy
BR Dq
< C -y - vol(Br) - (RY™/1, (3.14)

Due to the asymptotics (3.9), i +— ks, is bounded on W. Thus, by our initial assumption on R,
we arrive at

ILHS| = O(e™ M) as jn — oo in W.
The right-hand side of (3.13) coincides with the left-hand side for s = 0 and is therefore of (at
most) the same order as a function of p. As in the proof of Theorem 3.6, we have to substitute
uw=(z+ 2q)% to obtain holomorphic functions in z on Rz > —1 which coincide for all z € Ny

and are of order O(e™?1/2) in %z > 0. Carlson’s theorem now implies the assertion under the above
restrictions on f and s.

Step 2. Let f € C.(Il;) and s € II, be arbitrary. For 6 > 0 define fs5(r) := f(dr). We shall use that
the convolution *, is homothetic, i.e.

fs(r*us) = f(0rx,0s).
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Fix constants Sp, Ry as in step 1 and choose 0 > 1 such that suppfs C Bg, and ||s/d|| < Sp. Then
I(s) = / J(s#,v/r)A(r) dr = / Is <i %y, ﬁ)A(r)V dr
Qq Q ) 1)
_ 52q’y+2n/ f6<§ - ﬁ)A(t)’y dt.

Qq
As f5 and s/6 satisfy the conditions of step 1, we conclude that I(s) = I(0), which finishes the proof
of part (b). O

Our next aim is to determine the dual and the Plancherel measure of the hypergroup Il ,, with
> o — 1. For s € II; we define

ws(r) = @H(r) == ju(isr%s), r e ll,.
Note that

@s(r) = ¢r(s) (3.15)
because J,, depends only on the eigenvalues of its argument. Moreover, we have the following.

LEMMA 3.11. Let p > o — 1. Then for each s € Il;, ps = ¢& belongs to Cy(Il,) with ||¢sllec =
©s(0) = 1. If s belongs to the open cone €, then even ¢, € Cy(Ily).

Proof. The first assertion is immediate from the Bochner-type integral representation (3.12) for J,.
Now suppose s € ;. Then r — oo in II,; implies that r?2 — oo and also sr?s — oo, because s is
invertible. The second assertion thus follows from the fact that 7, vanishes at infinity. O

From this lemma together with the product formula (3.8) it is immediate that each ¢s with
s € II; belongs to the dual II;,. The results of §3.1 suggest that these Bessel functions actually
make up the complete dual.

THEOREM 3.12. (1) The dual space of I1,,, with 1 > p — 1 is given by
g, = {ps = ¢h : s € I}

(2) The hypergroup Il , is self-dual via the homeomorphism ¥ : II,, — ﬁq,/u s — s. Under
this identification, the Plancherel measure m, on Il , coincides with the Haar measure w,,.

For the proof of part (1) we need the following.

LEMMA 3.13. The set A := {p, : s € II;} is closed in ﬁq# with respect to the topology of locally
uniform convergence.

Proof. Let (¢s;)jen be a sequence in A converging to a € ﬁq# locally uniformly. If the sequence
(sj) € II; is bounded, then after passing to a subsequence we may assume that s; — s € II,
as j — oo. Then @5, — @s and therefore a = ¢s € A. If, otherwise, the original sequence (s;) is
unbounded, then after passing to a subsequence we may assume that s; — oo. Thus, by Lemma 3.11,
@s;(r) = @r(sj) — 0 for all r € Q, as j — oo. This implies @ = 0 which contradicts the convention

~

0¢ Ty, O

Proof of Theorem 3.12. In a first step, we establish that II,, has subexponential growth in the
sense of [Voi88], i.e. for each compact subset K C II; and each ¢ > 1, the Haar measure satisfies
wu(K™) = o(c™) as m — oo. Here K™ denotes the m-fold convolution power of K, the convolution
product of subsets A, B of a hypergroup (X, ) being defined by A« B = U:ceA,yeB supp(dz * 0y).
Once subexponential growth is known, [Voi88, Theorem 2.17] will imply that the support of the
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Plancherel measure m, coincides with the complete dual ﬁq,u' For the proof of subexponential
growth, it suffices to consider the balls B = {r € II, : ||| < R}. From the support properties of
¥, we see that By C B,,,gr. Moreover,

wu(Br) = C - / A(r)Y dr = O(R?*T2") = O(R?™)  as R — oo.
VrlI<R

Thus, for fixed R > 0, we obtain w,(BJ') = O(m?#), and the assertion follows.

In a second step, we determine m,. The decisive ingredient will be known results about the
Hankel transform on a symmetric cone. For s,r € €}, define

1
mju(\/gr\/g)'

Suppose that 1 > d(q — 1) + 1. Then according to [FK94, Theorem XV .4.1], the Hankel transform

H,(s,r) =

UuF(s) == H,(s,7)F(r)A(r)” dr
Qq
defines an isometric and involutive isomorphism of L?(Q, A(r)Y dr). The argumentation of [Her55]
and [FT87 § 5] shows that this statement actually extends to all u € R with g > (q 1),ie.v> —1.
Let f € L*(Tl,w,). Then F(r) := f(y/r) belongs to L*(Q, A(r)Y dr) and a short calculation shows
that

~ 52
flps) = /H s(r) f(r) dw,(r) = 2_‘“LU“F<Z> Vs € Q.

q
Moreover, by the isometry of U, we readily obtain

/ Flp) P duw(s) = / ()2 duoy(s).
1, I

q

This shows that the Plancherel measure 7, associated with w,, is given by
m0) = [ oo dwn(s), g€ Cullly).
q

Hence, the support of m,, which we already know to coincide with ﬁq,m also coincides with the
closure of the set {¢y: s € Il;} in ﬁq,u with respect to the topology of locally uniform convergence.
The proof of part (1) is therefore accomplished by Lemma 3.13. For part (2), it remains to verify
that ¥ is a homeomorphism. Contlnulty and surjectivity are clear. For injectivity, suppose ¢s = ¢,
Then in view of (3.15) we have 65 = 6, and the injectivity of the Fourier transform of measures on the
hypergroup Hq . implies s = r. To check continuity of U™ ! suppose that o5, — @, locally uniformly.
Then 5 — 5 locally uniformly on Hq - Levy’s continuity theorem [BH95, Theorem 4.2.2] implies
that d5, — 05 weakly, and hence s; — s. O

3.5 The limit case py=p—1

Using Corollary 3.8 we see that the convolution *, with ;4 > o —1 can be written in the alternative
form

q
Orwd ) = o [ ST TP T PGy D II0 =Pyt o

We shall use this representation to determine the limit of the convolution *, as p | p — 1, where
it assumes a degenerate form. As p — 1 = pd/2 with p = 2¢ — 1, it is natural to expect that the
resulting limit convolution coincides with the orbit hypergroup convolution *,_1 on 11, derived from
Mg 2q-1-

768



BESSEL CONVOLUTIONS ON MATRIX CONES

In the following, do denotes the normalized surface measure on the unit sphere S = {z € M 4 :
|z| = 1}. The coordinate transform P : B¢ — D, of Lemma 3.7 is assumed to be continuously
extended to BY.

PROPOSITION 3.14. As i | p—1, the convolution product 6,*,0, converges weakly to the probability
measure 0, ¥0; on 11, given by

(6, 05)(f)
q—1 4
=& [ [ Pl P [0 =l O dyy ey o)

j=1

with a normalization constant k > 0. The product * defines a commutative hypergroup structure on
I, which coincides with the orbit hypergroup Hg_l derived from Mg 24—1 as in § 3.1. In particular,

(675 5)(f) = (3 %1 89)(f) :/E FJPP 52 T 155 + (r5s)7) do

q,2q—1

and the additional statements of Theorems 3.10 and 3.12 extend to the case p = o — 1.

Proof. For i > ¢ — 1 consider the probability measure

pu =, (1= [yl)°1p(y) dy

on M 4, where ¢, := [(1—|y|*)"~¢dy and 15 denotes the characteristic function of the ball B. It is
easily checked that p,, tends Weakly to the normalized surface measure do on S as y — o—1. Indeed,
let f € C(My,) and put F(7) := [¢ f(1y)do(y), 7 > 0. Then with ¢}, = fol(l — r2)p-erda—1 gr

1
/ fdp, = —,/ F(r)(1—72)2rdYgr — F(1) asp— o—1.
B ¢, Jo

This proves that 0, %, 0, — 6, % 0, weakly. It is clear that supp(d, *ds) C supp(d, *,, 05) for > o —1
which implies the same support inclusion as in Theorem 3.10(a). In the limit © — o — 1 we further
obtain that the Bessel functions

0s(r) = Tp— 1( ST 8) s,r el

satisfy the product formula

ot = [ o) dEx B)(T) Vs e T,

Hq

On the other hand, consider the orbit hypergroup X,_; = (II;,*,—1) derived from M, , with
p = 2q — 1. Its dual space consists exactly of the Bessel functions ¢4(r) = J,_1(5rs?r) as above. In
particular,

%m%@:éwmw@%Amm Vs € 0,

The injectivity of the Fourier transform on the hypergroup X,_1 now implies that &, x,_1 6; = §,%0;
for all r,t. U

Remarks. (1) We conjecture that the formulas of Corollary 3.9 permit degenerate extensions to
successively larger index ranges. As soon as the exponent in one of the iterated integrals becomes
critical, the corresponding integral over B should be replaced by an integral over .S. More precisely,
we conjecture that within the range

d d
{uER:g—i(q—k)—l<u g—§(q—k—1)—1}, k=qg—1,...,1
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the following product formula is valid:

Tulr)Tu(s) = — /Bk i Tu(r? 4 2+ TP(y)s + sP(y)'7)
w a-
H 1— |y 2y et 2@ dyy . dyp do(y) - do(y,).

Also, there should be analogous integral representations for [, within the above ranges of p.

(2) Further properties of the hypergroups Il , concerning their automorphism groups as well as
stochastic aspects (such as limit theorems for random walks on matrix cones associated with Bessel
convolutions) have recently been studied in [Voi06].

4. Hypergroups associated with rational Dunkl operators of type By

In the analysis of the previous sections, one may be interested in questions which depend only on
the spectra of the matrices from the underlying cone II, = II,(F). This amounts to considering
functions and measures on I, which are invariant under unitary conjugation. For x € H, we denote
by o(x) = (&1, ..,&;) € R? the set of eigenvalues of x ordered by size, i.e. {; > --- > &;. The unitary
group U, acts on Il via conjugation, (u,r) — wru~'. The orbits under this action are parametrized
by the set =, of possible spectra o(r) of matrices r € Il,

Eq:{£:(£17"'>£q)6Rq:£1}---25(120}'

Recall at this point that U, is the maximal compact subgroup of the automorphism group of €2;
the latter coincides with GL, = GL4(F), acting on H, via (g,z) — gxg*. The set =, is a closed
Weyl chamber of the hyperoctahedral group B, = S, x Z2 which acts on R by permutations of the
basis vectors and sign changes. In §3 we saw that II, carries a continuously parametrized family
of commutative hypergroup structures *, with © > ¢ — 1, as well as additional orbit hypergroup
structures for © = pd/2,p > q an integer. In the following section we are going to show that under the
above action of U, on 1I; each convolution *, induces a commutative orbit hypergroup convolution
o, on T4, in a similar manner as the orbit hypergroups were obtained from group convolutions
in §2.3. In §4.2 we then identify the characters of (Z4,0,) with multivariable Bessel functions
of Dunkl type which are associated with the root system of type B,. In effect, we thus obtain a
continuous series of commutative hypergroup structures on the chamber =, whose characters are
given by Dunkl-type Bessel functions.

4.1 Convolutions on the spectra of positive definite matrices

In the situation described above, the canonical mapping
m:lly =54, r—o(r)

is continuous, surjective, and open with respect to the standard topologies on both sets. Therefore,
the map II;* — Z,,U,.r — o(r) becomes a homeomorphism when II;? is equipped with the
quotient topology. In the following, du denotes the normalized Haar measure on U, and { € & is
always identified with the diagonal matrix diag(¢y,...,&,) € II; without mentioning. Moreover, we
introduce the index set

d
Mq = {%7p:q7Q+1y}U]p_17oo[
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THEOREM 4.1. (1) For each 1 € My the chamber Z, carries a commutative hypergroup structure
with convolution

(6 0 8)(f) = / (f o m)(€ pumpu™ ) du,  f € C(Ey).

Uq
The neutral element of the hypergroup Z,,, := (Z4,0,) is 0 € 2, and the involution is given by the
identity mapping.

(2) A Haar measure on =, is given by
q
By = m(wu) = duhy(€) e with by, (€) = [[ € [ (€ - &)
i=1 i<j
and a constant d, > 0.

Remarks. (1) The constant d, is determined in §4.2.

(2) In the generic case p > o — 1 the convolution o, can be more explicitly written as

(8¢ 0 0p)(f) = %ﬂ /D g Fo(V/E + unPu + vunu=" + unu=1v*€))A(I — v*v)" ¢ du dv.

We start with some preparations for the proof of Theorem 4.1.
LEMMA 4.2. For u € U, consider the homeomorphism of 11, given by Ty, : r wru~'. The image
measure of the convolution product 6, *,, 65 € Ml(Hq) under T, is given by

Tu(ér *p 58) = 5uru_1 *p 5usu—1'

Proof. Recall that the measure A(I — v*v)*~¢dv in the convolution formula of Theorem 3.10 is
invariant under unitary conjugation. This yields immediately that

(goTu)(r+,s) = gluru™" x, usu™) Vg e C(I,). O

Aside. This lemma just says that T, is actually a hypergroup automorphism for each of the convo-
lutions *,,. The next lemma is a special case of [FK94, Theorem VI.2.3].

LEMMA 4.3. For integrable functions g : II; — C,
/ g(r)dr = /1/ / g(uéu™t) du 1_1(5Z — &)t de
14 Eq JUq i<j

with a normalization constant k = kg > 0.

Proof of Theorem 4.1. (1) We employ the technique of [Jew75, §13] for the transfer of hypergroup
structures via orbital mappings. Note first that the continuous open surjection 7 : II, — E, is also
proper (because U, is compact) and thus provides an orbital mapping from the hypergroup II, ,
onto =4 in the sense of [Jew75, §13]. For ¢ € =, define

€¢ ::/ Oyey—1 du
Uq

which is a probability measure on II, and satisfies suppes = 7 1(€). We claim that each €¢ is
m-consistent in the following sense:

m(ee *, 05) = m(ee %, 0¢)  for all s,t € I, with m(s) = 7(1); (4.1)
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here 7 is extended to M™T(II;) by taking image measures. For the proof of (4.1), suppose that
s,t € I, satisfy m(s) = m(t). Then for each g € C(Il;) which is invariant under U,-conjugation we
have
/ gd(eg *, 05) = / g(u§u‘1 %, 8) du = / 9(& *u u_lsu) du.
Hq q Uq

Note that Lemma 4.2 has been used for the second identity. As s and ¢ have the same spectra, the
last integral does not change when s is replaced by ¢. This proves (4.1). The orbital mapping 7 also
satisfies 7(0) = 0 € Z, and 7 1(0) = 0 € II;. We can now apply [Jew75, Theorem 13.5.A]. This
shows that =, becomes a commutative hypergroup with convolution

Og op Oy = T(€g *y €n),
the identity mapping as involution and neutral element 7(0) = 0. This proves the assertions of
part (1).

(2) According to [Jew75, Theorem 13.3.A], a Haar measure w, on Z,, is given by the image
measure of w, under 7. Let f € C.(Z4) and put g = f o m, which is Ug-invariant. Then

q

Loram=r | gan=x [ o/OTLE It -e)"ae

q g =1 i<j
where V€ = (vV&1,...,1/&)- Up to a constant factor, the last integral coincides with qu g(%)
hy.(€) d€. O

Remarks. (1) Recall that for y = pd/2 with an integer p > ¢ the hypergroup II, , is just the orbit
hypergroup obtained from the multiplication action of the unitary group U, on M, ,. In this case,
the above hypergroup structure of (Z4,0,) can also be described as an orbit hypergroup derived
directly from M, 4, as follows. Consider the action of the group L := U, x U, on M, , by

i urvt,  (u,v) € L.

The orbits of this action are parametrized by the possible sets of singular values of matrices
from M, ,. Indeed, let oging(z) = o(Va*z) = (&,...,§;) € E4 denote the singular spectrum of
x € My 4, the singular values being ordered by size. We have the equivalences

Using(m) = Using(y) A O'({L’*{L’) = U(y*y)
= el :y'y =va*zv ! = (zv 1) *(av 1)
= J(u,v) €Uy x Uyt y = uav™ '
Therefore the orbit space ngq can be identified with the chamber 2, via U,2U, +— 0sing(2), and this
is easily checked to be a homeomorphism with respect to the natural topologies on both spaces. Note
that (uzv!)*urv=! = vz*zv~!. Hence, under the mapping @ : M, 4 — 14, x +— v/x*x, the above
action of L on M), , induces the conjugation action of U, on II,. Moreover, the orbit convolution on
I1, , is defined in such a way that

O %, 05 = ®(Qr * Qs)  With Q, = / Sucor du € M (M, ,)
Up

where * denotes the usual convolution on the additive group M), ,. This shows that for 1 = pd/2, the
convolution of the hypergroup =, ,, coincides with the convolution of the orbit hypergroup MpLﬂ =5,
which is, in turn, naturally identified with the convolution of the Gelfand pair (L x M, 4, L).

(2) For p = pd/2 with an integer p > ¢, the support of the measure ¢ o, &, describes the set
of possible singular spectra of sums x + y made up by matrices =,y € M, ,(IF) with given singular

spectra £ and 7.
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Let us return to general indices u € M,. In analogy to Lemma 2.6 for orbit hypergroups from
groups, we expect that the characters of the hypergroup &, , are all obtained by taking U,-means
of the characters of II, ,,. For { € 2, define ¢z = w’g € Cy(Eq) by

e(n) == / pe(unu) du

Uqg

where @¢(r) = gog (r) = Ju(37€%r). The ¢ are the characters of II,, which are parametrized by
diagonal matrices. Note that by Ug-invariance of 7, we have

os(uru™) = p,14,(r) Vr,s €Tl (4.2)
Hence, the mean of ¢ is equal to the mean of ¢, for £ = o(s) and ¥¢(n) = ¢, (§) for all §,n € =,.
THEOREM 4.4. Let j1 € M.
(1) The dual space of the hypergroup =, = (Z4,0,) is given by
gn = {ve = 7[)? 1§ € Eql

(2) The hypergroup Z,,, is self-dual via the homeomorphism Z,, — éw,g — t¢. Under this
identification, the Plancherel measure 7, of 2, coincides with the Haar measure w,,.

[11)

Proof. (1) It is easily checked that each v is multiplicative with respect to o, and therefore belongs
to E4,4- Indeed, for n, ( € £, we calculate

1/;5(770M§):/ (e o m)(m *p u(u du—/n /U /U e (vrv™ (5n*uéu<u_1)(r)dudv.

By Lemma 4.2 this is equal to
] cetom™ o) dudv = v ).
q q

It remains to show that each character of =, , is of the form )¢ with some § € Z,. For this, note
first that the hypergroup =, , has subexponential growth, just as II,,. Thus according to [Voi88,
Theorem 2. 17], the support of the Plancherel measure 7,, of =, ,, coincides with the full dual éq, - Let
Y € Eq = suppty,. Then by [Voi91, Corollary 6] there exists a sequence of functions f,, € C.(Z,)
such that fjo, f, converges to 9 locally uniformly. Hence, (f,om)s*, (f f,,om) converges to 1o locally
uniformly on II;, which implies that v o 7 is positive definite on the hypergroup II, ,. Note that
(¢ om)(0) = 1. Thus, by Bochner’s theorem for commutative hypergroups [Jew75, Theorem 12.3.B]
and the self-duality of II, ,, there exists a probability measure a € M!(Il,) such that

(Yom)(r)= /H s(r)da(s) Vrell,. (4.3)

q

As o is invariant under the action of U and in view of (4.2), the measure a must be U -invariant
as well, i.e. [ f(uru™! = [ f(r ) for all f € C.(II;). Let a denote the image measure of
a under 7. Then with 7] = 7r( ) relatlon (4 3) becomes

o) = /H s(n) da(s) = / e(n) da(€)

On the other hand, by Bochner’s theorem for the hypergroup Z, ,, the character ¢ of =, is an
extremal point of the set of positive definite functions f on the hypergroup Z, , with the additional
property f(0) = 1. This implies that @ must be a point measure, i.e. @ = d¢ for some § € Z,. Hence,

= .
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(2) The self-duality of =, is proven in the same way as that of II,, (Theorem 3.12). To
determine the Plancherel measure, let f € C.(Z;) and g := f ow. Then the Fourier transforms of f
and g with respect to the hypergroup structures £, , and Il ,, are related via

o~

3(s) = / 9(r)pu(r) duoy(r) / F(E) ey () B () = (Fo m)(s).

By the Plancherel theorem for II, , we readily obtain qu |fI? d@,, = qu |!}?|2 dw,,. This finishes the
proof. O

We would like to write the characters ¢ in a more explicit form. Recall that ¢4(r) = J,,(Fsr2s)
for r,s € Il;, where J, is given in terms of the spherical series (2.2). The spherical polynomials
satisfy the product formula

Zx(r)Zx(s)

= Zx(vrusu™t\/rydu Yr,s €1,
= DWTus VD .

see [FK94, Corollary XI.3.2] or [GR87, Proposition 5.5]. This implies an integral representation for
the Bessel functions 7, of two matrix arguments (recall §2.2):

Tu(r, 8) :/ T(Vrusu=/r)ydu, s €Tl
Uq

Thus, for ,n € 2, we have

Ye(n) = /U Tu (ifun%‘lf) du = Ju<€22 2> (4.4)

We shall use this representation in order to identify the characters ¢ with Dunkl-type Bessel
functions for the root system of type B,.

4.2 Bessel functions associated with root systems

Bessel functions associated with root systems are an important ingredient in the theory of rational
Dunkl operators, which was initiated by Dunkl in the late 1980s [Dun89, Dun91]. They are a
symmetrized version of the Dunkl kernel, which is the analogue of the usual exponential function in
this theory. As a subclass, they include the spherical functions of a Cartan motion group, cf. [deJ06].
In this section we give a brief account on Dunkl theory and the associated Bessel functions; for a
general background, the reader is referred to [DX01], [Opd93] and [R6s03b].

Let G be a finite reflection group on R? (equipped with the usual Euclidean scalar product
(,-)), and let R be the reduced root system of G. We extend the action of G to C? and (-,-) to a
bilinear form on C? x CY. A function k : R — C which is invariant under G is called a multiplicity
function on R. Important special cases of reflection groups are the symmetric group S, which acts
on R? by permuting the standard basis vectors e;, and the hyperoctahedral group B, = S, A
which acts by permutations of the basis vectors and sign changes. The root system of B, is given by
R={%e;,1 <i<q}U{Fe;£e;,1<i<j<q}, and a multiplicity on it is of the form k = (k1, k2)
where ky is the value on the roots e; and kg is the value on the roots *e; £ e;.

For a finite reflection group G and a fixed multiplicity function k£ on its root system, the asso-
ciated (rational) Dunkl operators are defined by

Te = Te(k) = O +

< >(1—aa), e

here o, denotes the reflection in the hyperplane perpendicular to o and the action of G is extended
to functions on C? via g.f(§) = f(g7'¢). The Ty are homogeneous of degree —1 on the space
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P = C[CY] of polynomial functions on C? and they commute: T¢T;,, = T, T¢ (see [Dun89]). Hence,
the map & — T¢ extends uniquely to a linear map p — p(7), P — End(C?). The Dunkl operators
induce a sesquilinear pairing

[P, alk = (p(T)7)(0)
on P, where (&) := q(€). In the following we assume that & is non-negative. Then [p, ¢lx is actually

a scalar product on P, see [DO03, Proposition 2.4]. Moreover, for each fixed w € CY, the joint
eigenvalue problem

Tef = (§w)f vE€eCh f(0)=1
has a unique holomorphic solution f(z) = Ej(z,w) called the Dunkl kernel. It is symmetric in its
arguments and satisfies Ej(A\z,w) = Ei(z, \w) for all A € C as well as Ej(g9z,w) = Eg(z, gw) for
all g € G. The generalized Bessel function

Jr(z,w) = ﬁ Z Ey(z, gw)

geG

is G-invariant in both arguments. Moreover, g(z) = Ji(z,w) is the unique holomorphic solution of
the ‘Bessel system’

p(T)g =p(w)g YpeP% g(0)=1 (4.5)
where P denotes the subalgebra of G-invariant polynomials in P, see [Opd93]. For crystallographic
reflection groups and certain values of k, the operators p(T'), when restricted to G-invariant functions
on R?, constitute the system of invariant differential operators of a Euclidean-type symmetric space
and the Bessel functions Ji (-, w) can be identified with the associated spherical functions; for details
see [deJ06]. The Dunkl kernel F, gives rise to an integral transform on RY called the Dunkl transform.
Let wy denote the weight function

wi(x) = [T Kewa)?*

acR

on R?. The Dunkl transform is the integral transform on L!(R?, wy,) defined by

fe B FO=a' [ f@Rigu@d (R
with the constant
Ck ::/ e_‘z‘Q/ka(x) dx.
R4

A thorough study of this transform is given in [deJ93]. It has many properties in common with the
usual Fourier transform to which it reduces in the case k = 0. In particular, the Dunkl transform (as
normalized above) extends to an isometric isomorphism of L2(RY, wy,), and (T, f)"\*(&) = i(¢, 77>f7f(§ )
for differentiable f of sufficient decay. It is a long-standing open question whether L!(R% wy) can
be given the structure of a commutative Banach algebra so that the Dunkl transform becomes the
Gelfand transform on its (symmetric) spectrum, in a similar manner as for commutative hyper-
groups. In the rank-one case there is such a convolution, but it is not positivity-preserving. For
details and affirmative results in this direction see [R6s03a]. It is, however, conjectured that for
arbitrary G and k£ > 0, the Bessel functions J; have a positive product formula which leads to
a commutative hypergroup structure on a distinguished closed Weyl chamber = of G, the dual
of this hypergroup being made up by the functions & — Jx(&,17),n € Z. In rank one and in all
Cartan motion group cases this is true, see [R6s03a]. In the following, we confirm this conjecture
for three continuous series of multiplicities for root system B,. Indeed, we identify the characters of
the hypergroups 2, in §4.1 with Dunkl-type Bessel functions for B, and thus obtain hypergroup
structures with these Bessel functions as characters.
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4.3 Dunkl theory and the convolutions on the Weyl chamber

Let us denote by J ,f the Dunkl-type Bessel function associated with the reflection group G = B, and
multiplicity k = (k1, k2), and by [-,-]2 the associated Dunkl pairing. For z = (21,...,2,) € C? we
put 22 = (23,..., q) The following key result identifies .J;; B with a generalized oF}- hypergeometrlc
function of two arguments (recall the notions of §2.2). It goes essentially back to [BF97, §6], but
the reasoning there is rather sketchy and there is an erraneous sign in one of the arguments. We

therefore include a proof by different methods.

PROPOSITION 4.5. Let k = (k1,k2) > 0 and kg > 0. Then for all z,w € C9,

2,2

2 1 1
—,w— withao = —, p=ki + (¢ — ko + =.
2 ko

I ) = ot (165 .

Proof. The modified Jack polynomials py(z) = C’i‘(zz), indexed by partitions A > 0, are homoge-
neous of degree 2|\| and form a basis of the vector space PY for G = B,. Thus, the Bessel function
J,f has a homogeneous expansion of the form

JP(z,w) ZaA (4.6)
A=0
with certain coefficients a)(w) € C. In view of the Bessel system we have
PA(T?) T (2,w) | s=0 = pa(w) i (0,w) = CF (w?),
where the superscript z indicates operation with respect to the variable z. On the other hand, the
results of [BF97] (relation (2.9) and the formula on top of p. 214) imply that the py are orthogonal
with respect to [-,]? with
propalf = ANNLS - CR) = Mo o= ki + (g = Dke+ .

Differentiation of (4.6) (recall that p, has real coefficients) now gives

PATH) T (zw)| _y =D ax(w)[pr, poF = Maax(w).
v=0
Hence, ay(w) = M, ' C§(w?), which implies the assertion. O

As a consequence of (2.4), Bessel functions associated with a symmetric cone can now be iden-
tified with Dunkl Bessel functions of type B, with specific multiplicities.

COROLLARY 4.6. Let be an irreducible symmetric cone inside a Euclidean Jordan algebra of
rank q. Then for r,s € Q with eigenvalues §& = (&1,...,&;) and n = (n,...,nq), respectively,
we have

P2 g2 .
7.(5%) = s
where k is given by k = k(p,d) = (u — 5(q — 1) — %, %)

Now consider again the hypergroup structures 2, = (Z4,0,) on

Eq:{fz(flw-',fq)ERq:&}.--2&120}

which is actually a closed Weyl chamber for the reflection group B,. The consequence of our above
identification can be formulated in a twofold way.

COROLLARY 4.7. The characters of the hypergroup Z, ,, p € M, are given by
Un(€) = Ji (&im), m€E
with the multiplicity k = k(u,d) as in the previous corollary.
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COROLLARY 4.8. Consider the root system of type B, with a multiplicity k = (ki, ky) where ko = %
with d € {1,2,4} and ky = %(p —q+1)— % for integer p > q or arbitrary ki > %(dq —1). Then the
associated Dunkl-type Bessel functions & — JP(&,in) are the characters of the hypergroup (E,,0,,)
on the closed Weyl chamber =, where p = ki + (¢ —1)ka + % and the convolution o, is defined over
F =R, C, H, depending on the value of d. In particular, the Bessel function J,f satisfies the positive
product formula

TB(E.2)TE (. 2) = / TB(C.2) d(6 04 6,)(C) VE,m € Eqy 2 € CL.

Sq

The hypergroup Fourier transform on =, , is given by
Foy = [ 1©78 & in) iz (©)
=q

with @, = d,h,(§) d§, as in Theorem 4.1. Note that h,, coincides up to a constant factor with the
weight wy, for k = k(u,d). As wy, is By-invariant, we therefore have

f(n) = constant - F'*(n),

where I’ denotes the Bj-invariant extension of f to R? and F* its Dunkl transform. Note that
FFis Bg-invariant as well. With the Plancherel theorem for the Dunkl transform at hand, we are
now also in a position to determine the normalization constant d, of W, as announced previously.
Indeed, recall from Theorem 4.4 that the Plancherel measure of the hypergroup Z, , coincides with
w,, under the natural identification of =, ,, with its dual. Using this and the Plancherel theorem for
the Dunkl transform, we readily obtain

~

f=FFz,

d, = (/: hy,(z)e” 1#1°/2 dm>_1.

The value of d,, can be calculated explicitly; it is a particular case of a Selberg type integral which
was evaluated by Macdonald [Mac82] for the classical root systems.

and

In the general Dunkl setting, there is a generalized translation on suitable function spaces which
replaces the usual group addition to some extent, see [R6s98, Ros03a] and the references cited there.
On L?(RY,wy), this translation is defined by

f© = [ PHOBE OB, Ounlc) de
Ra
One has 7, : L>(R%, wy,) — L*(R%, wy) with (7,£)"*(¢) = Ex(in, ()ﬁ"’(C) If we restrict to the Weyl
group invariant case for B, with multiplicities as in Corollary 4.8, then this generalized translation
just coincides with the translation defined in terms of hypergroup convolution. If, say, f belongs to
L?(RY,wy,) and is also continuous and Weyl group invariant, then with the notions of Corollary 4.8
we have

Tnf(é-) = 5§ *N 577(f) vfﬂ? € Eq-

When p = pd/2 with an integer p > ¢, i.e. ky = %l(p —q+1)— %, then the Bessel func-
tions J,f(', z) can be identified with the spherical functions of the Cartan motion group associated
with the Grassmann manifold U(p, q)/(U, x Uy). This follows from the discussion in [deJ06] (see
also [R6s03al), and is in accordance with Remark (1) after the proof of Theorem 4.1 which implies
that for y = pd/2, the hypergroup convolution of Z,,, coincides with that of biinvariant measures
for the Gelfand pair ((U, x Uy) x M, 4,U, x Uy). The multiplicative functions coincide with the

T
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(elementary) spherical functions of this Gelfand pair. Thus, the hypergroups =, , with > p — 1
interpolate the discrete series of convolution algebras derived from the tangent space analysis on
Grassmann manifolds.
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